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Abstract

The Navier-Stokes equations together with the continuity equation are one of the long
standing problems in mathematical physics. They form a system of nonlinear partial
differential equations that describe the fluid flow phenomena, whether laminar or
turbulént. The nonlinearity of the equations is obscure which deﬁes.all conventional
methods of analytical solution to the differential equations. The analytical methods
are found to be very important to model physical phenomena. They form basic
understanding of the phenomena at different circumstances, at least qualitatively. In
addition to their physics, the analytical methods are also useful to find and extend the
class of existence, uniqueness and regularity in the pure mathematics sense.

This thesis introduces new analytical methods of finding solutions of the
incompressible Navier-Stokes equations. The work is based on the criteria of well-
posed problem which is then solved by the proposed special classes of the solution
either qualitatively or quantitatively.

Firétly, general qualitative properties of solutions to the three-dimensional
incompressible flows are presented. The method is performed from the
implefnentation of vector analysis into the energy equation with the consideration of
zero rate energy. Trivial solution is obtained from any initial-boundary value
problems. For the cases of non trivial solution, the analyticity of the solutions is
assumed to investigate the ftriviality at intersection regions. Some physical
consequences due to violation of the trivial solutions are also performed with the
application of the vorticity equations, which are related to the onset of turbulence.
Therefore, non trivial solutions will also represent turbulence whether they have
singularity or not.

This hypothesis is supplemented by investigation on the solution in the special

classes of ¥ =Vx® and V=Vd+Vx® of the three-dimensional incompressible

Navier-Stokes equations. Analysis is taken using the vorticity equations rather than

the original Navier Stokes equations based on qualitative mathematical work. Results

vii



show that the corresponding problem admits a unique and regular solution because the
original problems can be transformed to class of linear parabolic and elliptic
equations. |

The first analytical solution is then produced using the four components coordinate

transformation ¢ =kx+bJ+Mz—ct. While, the second solution is produced using the
three components coordinate transformation &=4+mz—ct. Velocity vector in the
solutions is based on the relation ¥ =V +Vx® where @ is a potential function that is
defined as ©=P(x,&)R(¢). The potential function is firstly substituted into the

continuity equation. The solution for R is produced using a certain mathematical
condition and the resultant expression is used sequentially in the Navier-Stokes
equations to reduce the problem to the class of nonlinear ordinary differential
equations in P terms. Here, more general solutions are also obtained based on the
particular solutions of P . The two solutions are based on a zero and constant pressure
gradients which are given to illustrate the applicability of the method.

The third analytical solution utilises a potential function in the form
@ = P(x,,¢)R(y)S(£) with the application of the transformed coordinate & =kz—¢(¢).

In this solution, the pressure term is presented in a general functional form. The
solutions for R and S are obtained by imposing a certain mathematical condition.
General solutions are then obtained based on the particular solutions of P where the
equation is reduced to the form of linear differential equation. A method for finding
closed-form solutions for general linear differential equations is proposed and
uniqueness of the solution is proved and regularised.

The fourth analytical solution is derived using the vorticity equation. The solution

is produced by implementing a potential function in the form ©=P(x,,&)R(»)5(¢)
with the application of the transformed coordinate & =4kz-¢(r). The pressure is then

solved by applying the velocity vector into the Navier-Stokes equations to complete
the solutions. Two examples are given to illustrate the applicability of the theorem.
The uniqueness of the solution is also proved.

Validation against two laminar flow experiments and three different turbulent flow
cases including numerical case are carried out and reported in this work. The flow
cases used in the validation are laminar jet flow, turbulent jet flow, boundary layer

flow, turbulent channel flow and combustion. Generally, the solution is able to follow

viii




the trends in the corresponding cases. Although the analytical solution is derived for
non-reacting flows, it proved capable of reproducing trends of cases including

combustion.
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Abstrak

Persamaan-persamaan Navier-Stokes bersama persamaan keselanjaraan adalah salah
satu persoalaan dalam bidang fizik matematik. Persamaan-persamaan ini merupakan
persamaan pembezaan separa non-linear yang digunakan untuk menjelaskan
fenomena berkenaan dengan mekanik bendalir sama ada dalam keadaan lamina atau
bergelora. Oleh kerana persamaan-persamaan tersebut mempunyai ciri-ciri non-linear
yang tinggi, maka kaedah-kaedah analitis yang biasa digunakan untuk mendapatkan
penyelesaian tidak berkesan. Walaubagaimanapun kaedah-kaedah analitis ini adalah
penting untuk mendapat gambaran dan persefahaman yang jelas terhadap fenomena
fizikal mekanik bendalir. Kaedah-kaedah analitis ini mejadi asas kepada
persefahaman dalam pelbagai keadaan secara kualitatif. Selain itu, kaedah-kaedah
analitis ini juga amat berguna untuk mendapatkan dan melanjutkan kelas perwujudan,
keunikan dan keteraturan ilmu matematik yang terhasil dari persamaan-persamaan
Navier-Stokes.

Thesis in memperkenalkan kaedah analitis yang baru untuk mencari penyelesaian
kepada persamaan-persamaan Navier-Stokes ‘dalam keadaan aliran bendalir yang
tidak bermampat. Penyelidikan ini menggunakan hypothesis bahawa terdapat
kewujudan penyelesaian kepada persamaan-persamaan Navier-Stokes. Seterusnya
penyelesaian ini dicari dengan menggunakan kelas-kelas matematik yang khas yang
diajukan secara kualitatif mahupun kuantitatif. Kelas-kelas inilah yang diperkenalkan
dalam penyelidikan ini.

Pertama, ciri-ciri penyelesalan yang kualitatif kepada persamaan-persamaan
Navier-Stokes dalam tiga dimensi dengan keadaan aliran tak bermampat
dibentangkan. Kaedah ini merangkumi penggunaan analisa vektor dalam persamaan
tenaga di mana kadar tenaga dianggap sifar. Penyelesaian ringkas boleh dihasilkan
dari mana-mana masalah matematik yang mempunyai nilai awal batasnya. Bagi
penyelesaién yang kompleks, penyelesaian yang ringkas boleh didapati daripada

bahagian-bahagian persamaan yang tertentu. Walaubagaimanapun terdapat beberapa
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masalah fizikal yang timbul dalam usaha mencari penyelesaian ringkas. Masalah-
masalah ini boleh diatasi dengan menggunakan persamaan-persamaan pusaran yang
berkaitan dengan permulaan fenomena pergeloraan. Oleh kerana itu, penyelesaian
kompleks juga memberi penjelasan kepada pergeloraan bendalir sama ada kewujudan
singulariti atau tidak.

Hipothesis ini dikukuhkan dengan menyelidik penyelesaian pada kelas-kelas khas

faitu, ¥ =Vx® dan ¥ =V0+Vx® dalam persamaan-persamaan Navier-Stokes dalam
tiga-dimensi bagi keadaan aliran bendalir yang tidak bermampat. Analisa diambil dari
persamaan-persamaan pusaran berbanding dengan persamaan-persamaan Navier-
Stokes yang asal yang berdasarkan analisa matematik secara kualitatif. Keputusan
yang didapati menunjukkan bahawa penyelesaiannya adalah unik dan teratur. Ini
adalah kerana, persamaan-persamaan asal Navier-Stokes boleh ditransformasikan
kepada kelas persamaan linear parabola dan ellispsis.

Dengan itu, maka penyelesaian analitis yang pertama boleh didapati dengan

menggunakan transformasi empat koordinat komponen vector &=rkr+ly+mz—ct.

Manakala, penyelesaian yang kedua boleh didapati menggunakan transformasi tiga

koordinat komponen vector &=/ +mz—ct. Vektor halaju yang diperolehi daripada
penyelesaian berasaskan persamaan ¥ =V®+Vx® di mana © adalah fungsi potensi
yang boleh dijelaskan dalam bentuk @ =P(x,£)R(£). Fungsi potensi ini digantikan

dalam persamaan keselanjaraan terlebih dahulu. Penyelesaian untuk R dihasilkan
dengan menggunakan keadaan matematik yang tertentu dan persamaan yang didapati
dari keputusannya digunakan secara berturutan dalam persamaan-persamaan Navier-
Stokes untuk meringkaskan masalahnya kepada kelas persamaan pembezaan
nonlinear dalam bentuk P.. Di sini, penyelesaian yang lebih am boleh didapati
berasaskan penyelesaian tertentu P. Kedua-dua penyelesaian ini adalah berasaskan
kecerunan tekanan bersamaan dengan sifar atau dengan kecerunan tekanan yang
mempunyai nilai tetap. Ini menunjukkan bahawa kaedah ini amat berkesan.
Penyelesaian analitis yang ketiga pula menggunakan fungsi potensi dalam bentuk

®=P(x,»,£)R(y)S(¢) dengan penggunaan transformasi koordinat &=kz—¢(f).

Menggunakan penyelesaian ini, tekanan dipaparkan dalam bentuk fungsi yang am.
Penyelesaian untuk R dan S dihasilkan dengan menggunakan keadaan matematik yang
tertentu. Dengan itu, maka penyelesaian am didapatkan berasaskan penyelesaian
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tertentu P di mana persamaannya diringkaskan kepada bentuk persamaan perbezaaan
linear. Maka ini adalah satu kaedah untuk mencari penyelesaian dalam bentuk tertutup
untuk persamaan pembezaan am. Selain itu, dengan kaedah ini keunikan dan
keteraturan penyelesaian juga boleh dibuktikan.

Penyelesaian analitis yang keempat dilanjutkan dari persamaaan pusaran.
Penyelesaian ini dihasilkan dengan menggunakan fungsi potensi dalam bentuk

®=P(x,»,¢)R(y)S(¢) dengan koordinat yang telah dijalankan transformasi

&=kz—¢(t). Tekanan pula diselesaikan dengan menggunakan vector halaju dalam

persamaan Navier-Stokes untuk menyempurnakan penyelesaiannya. Dua contoh telah
digunakan untuk membuktikan kebolehgunaan theorem ini, Keunikan penyelesaian
ini juga telah dibuktikan.

Sebagai pengesahan kepada penyelesaian yang dihasilkan melalui teknik ini,
keputusan dart dua eksperimen aliran lamina, tiga eksperimen aliran bergolak dan
penyelesaian numerikal telah dibandingkan dengan penyelesaian analitis yang
dihasilkan. Kes aliran yang digunakan untuk tujuan- pengesahan adalah aliran jet
lamina, aliran jet dengan pergolakan, aliran lapisan batas dan kajian pembakaran.
Secara amnya, penyelesaian analitis yang dihasilkan menepati keputusan kes-kes
tersebut. Walaupun penyelesaian ini dihasilkan untuk aliran yang tidak
bertindakbalas, penyelesaian ini telah membuktikan bahawa ia juga boleh digunakan

untuk kes-kes seperti kajian pembakaran.
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Chapter 1

Introduction

1.1  Background

The importance of the Navier Stokes equations comes from their wide application for
different kind of flows, ranging from thin films to large scale atmospheric even
cosmic flows. However, Navier-Stokes equations are nonlinear in nature and it is
difficult to solve these equations analytically. In order to perform this task, some
simplifications are elucidated, such as linearisation or assumptions of weak
nonlinearity, small fluctuations, discretisation, etc.

Despite the concentrated research on the Navier Stokes equations, their universal
solution is not achieved. The full solution of the three-dimensional Navier-Stokes
equations remains one of the open problems in mathematical physics. Computational
Fluid Dynamics (CFD) approaches discretise the equations and solve them
numerically. Although such numerical methods are successtul, they are still expensive
and there must be approximation errors associated with them.

The development of high speed computers eventually makes discretisation
methods more advance than the others and it enables the numerical treatment of
turbulent flow. Solution of turbulent flows mainly depends on solving the Navier
Stokes equations and using ad-hoc models to close the solution. The numerical
approaches are Reynolds Averaged Navier Stokes (RANS) which provides averaged
solution of the flow, Large Eddy Simulation (LES) which solves the big scales and
model the small ones and Direct Numerical Simulations (DNS) which solve all the
flow scales. With respect to the computational cost, DNS is the most expensive model
and it is still limited to small scale research problems. LES guarantees more
economical computational time as compared to DNS and the results are not much
different than DNS results when appropriate subgrid scale (SGS) models are used [1].

The cost of computation depends also on the dimension of the case and on the



coupling with other equation as well, like in turbulent reacting flow. Hence, a better
understanding of the corresponding phenomena is still needed since those models do
not provide accurate prediction for complex flows [2].

There are numerous researches concentrating on formulating efficient numerical
schemes in solving Navier-Stokes equations, such as the recent work as described by
[3] and [4]. However, the computational costs are still expensive for handling accurate
numerical simulations except for simple problems in engineering limited to small
scale problems, concerning that full solution must describe the evolution of the
physics in pointwise. Besides, numerical solutions have well-known weakness in
boundary layer regimes near solid boundaries and interface of turbulent-nonturbulent
regimes in which weak solutions are not unique [5]. It is known that in finite time
interval, the solution of the Navier-Stokes equations may either blown up or split up,
losing its regularity, and beginning to form branches [6,7]. In particular, numerical
iterations also make the blow up investigation difficult due to the rapid numerical
fluctuations [8]. In fact, depending on the values of the relevant parameters, a
stationary boundary value problem can have a unique solution, several solutions, or
even no solutions at all.

One of the important problems in the theory of partial differential equations
(PDEs) is finding and studying classes of integrable equations which have explicit
solutions, specially, closed form solutions. After the Blasius famous work on the
exact solution for the two-dimensional (2D) boundary layer equations proposed by
Prandtl, similarity solutions of linear and nonlinear boundary-value problems became
more common in the literature. The work for finding solutions of ordinary differential
equations (ODEs) and partial differential equations by symmetry reductions date back
to the famous Sophus Lie works,

However, the progress achieved in existence-uniqueness-regularity theory for the
Navier-Stokes equations somehow causes explicit solutions slowly losing their
important role. The efforts are facing some difficulties, especially in higher
dimension. The existence and uniqueness classes for the Navier-Stokes equations are
harder to see and difficult to prove [9]. For instance, there are several fundamental

open problems on them.



For many cases which the heroic attempt on rigorous mathematical works remains
elusive, the exact solutions give the promising way to detect significant features of
nonstationary and singular evolution, such as gas dynamics spherical waves and
shockwave phenomena. Therefore, it was not surprising that the Navier-Stokes
equations are among the first applications of fresh ideas and new developed methods
of the exact explicit integration [10].

However, it is important mentioning what is meant here by exact solutions. One
well known definition of exact solution is to detect the explicit solutions expressed in
terms of elementary or, at least, known functions of mathematical physics. Exact
solutions may also be defined as functions generated from some ordinary differential
equations or from reduced partial differential equations which order is lower than the
original problems.

Since the difficulty to find rigorous proof of existence, regularity and uniqueness
of a certain class of differential equations is overcome by exact solutions, most likely
they will continue to play a decisive role. They always provide us with fundamental
patterns in order to generate more physically reasonable solutions, such as specific
asymptotics. Also, exact solutions of nonlinear models are significant in the theory of
nonlinear evolution equations. Exact solutions are often demanded in the development
general existence-uniqueness and asymptotic theory. The role of exact solution in
revealing an optimal description of local and global existence functional classes,
uniqueness classes and generic asymptotic behavior is an inevitable fact as shown in
many examples of nonlinear models [11].

Their specific space-time structure sometimes gives hindsight of some crucial
features in order to develop the new methods and tools, which are required for
constructing general solutions. In the theory of parabolic reaction-diffusion equations,
there exist well known cases where the method of nonlinear transformation
determines the correct rescaled variables. In this case, exact solutions give guidance in
terms of which the maximum principle can be applied to extend regularity properties
to more general ones [12].

Therefore, the problem of searching the classes of exact solutions of the full
Navier-Stokes equations is highly demanding from a practical viewpoint, as has been
described in the literature [13]. Exact solutions also facilitate a theoretical
understanding, paving the way to global solutions. They may help explain the issue of
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global smoothness in time [14]. The solutions may be examined as models for
turbulence [15]. The specific example of this is_ a particular vortex solution, which is
significant in the development of turbulence theories [16].

Unfortunately, only a few analytical works are present in the literatures. Some of
them are investigated by different researchers independently as collected over the
range of references [17,18,19]. As in most cases, exact solutions are examined only in
the special conditions which the nonlinearity are weakened or even removed from the
analysis. The type of the simplified analysis is steady and unsteady Couette and
Poiseuille flows which nonlinear terms remove permanently [20]. The other less
known example is Beltrami flows where the nonlincar terms are nonzero in the
Navier-Stokes equations but fade in the vorticity equations [21].

More sophisticated analysis of the Navier-Stokes equations is also conducted and
gives more insight to the problems. One of them is the transformation of the Navier-
Stokes equations to the Schrodinger equation, performed by application of the Riccati
equation [22]. It has good prospects since the Schrodinger equation is linear and has
well defined solutions. The method of Lie group theory is also applied in order to
transform the original partial differential equations into ordinary differential systems
[23]. It is concluded that an approximate series solution is obtained. The same route is
taken by Meleshko [24] and by Thailert [25], in transforming the Navier-Stokes
equations to solvable linear systems. On the other hand, less popular methods, such as
the Hodograph-Legendre transformation, have also been applied to reduce the original
problem to one more tractable, and thus closer to the goal of obtaining analytical
solutions [26]. The method of introducing special solutions for velocity has also been
investigated [27,28].

The lack of development in analytical analysis to solve fluid dynamics problems is
not without reason. In the past, analytical analysis was used in order to obtain closed-
form solutions, which many of them form our basic intuition of fluid phenomena.
This aspect is now considered as somewhat obsolete by the enormous increase in
capacities of numerical computing. Up to this point, many of fluid flow problems are
not yet solved by closed form solutions, also most of interesting and important
problems are either unsolvable or only tractable to numerical simulation aiﬁer some
appropriate evaluation from analytical solutions. It is known that for somé time the
development of the capabilities of numerical computations will depend on, or at least,
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connected to the development of analytical methods. Analytical methods are expected
to generate simpler, adequate and significant models important to numerical
simulation and very efficient for the stiff and numerically difficult problems [5].

One example for the controlling perturbation quantities is such as Mach number
for small parameter, or for a large parameter such as the Reynolds number, which is
important for the asymptotic modeling. If the Navier-Stokes equations describing a
precise flow problem can be expressed in elementary function from analytical
methods, then the full solutions may be generalised. At least if such that one of the
parameters or variables is known to be small or large, then, general solutions can be
approached by perturbation quantities. Solutions will approach a limit as the
perturbation quantity approaches zero or infinity and thus resulted in asymptotic
functions. The result can often be improved by expanding in a series of successive
approximations from the first term of which is the limiting solution as an asymptotic

series or expansion [29].

1.2  Problem Statements

The global in time continuation to the three-dimensional incompressible Navier-
Stokes equations remains the major unsolved problem in the mathematical fluid
mechanics. At the physical viewpoint, the debate is as if such singularity exist, it will
be associated to turbulence by provoking that we have anything regular in two-
dimensional flow cases, which turbulence is three-dimensional phenomena. This
hypothesis, however, have problems since it is witnessed that all turbulence is
bounded in nature. This issue somehow drives qualitative mathematical analysis of
the viscous incompressible flows toward the enormous development, but only a little
interest pointed to the analytical methods which provide a quantitative understanding.
Therefore, finding the appropriate methods for analytical treatment of the full set
of incompressible Navier-Stokes equations is very important task from theoretical and
practical point of view. Specifically, at the theoretical side, the results then can be
extended to set and justify the posedness problems (existence-uniqueness-regularity)

of fluid dynamics.



1.3 Research Objectives

The main objective of this research is to find classes of exact solutions to the three-
dimensional incompressible Navier-Stokes Equations. Related matters as the physical
and mathematical theory of the solutions are also developed. Second, the physical
theory of the incompressible Navier-Stokes equations is investigated to provide the
transition to turbulence as well as mathematical theory of the rigorous solutions.
Since, the exact solutions are expected to provide fast calculations and models
important to numerical methods, the generating solutions are then validated with the
existing experimental and n umerical data from the literatures. The validated cases
include laminar and turbulent jet flows, turbulent boundary layer flows, turbulent

channel flow and also trivial cases including combustion.

1.4  Scope of Works

The scope of the current investigation is to solve the three-dimensional
incompressible Navier-Stokes equations and continuity equation by self developed
analytical techniques. This current research is conducted by implementing the
classical Cartesian coordinate system. However, the novel techniques developed in
this research are also applicable to any coordinate systems. The phenomenological
issue related to the turbulence is also addressed following four preliminary validating

processes which are discussed in a concise manner for each case.

1.5 Research Methodology and Work Outline

The work is divided in two parts. First, the contribution is to the abstract analysis on
the physical and mathematical theory to the incompressible Navier-Stokes equations.
As for the physical theory, the elementary vectorial analysis is implemented to a
simple energy equation. The divergence theorem will generate trivial results for
general situations which the violation of the triviality is lead to a possible onset of
turbulence due to energy accumulation and dissipation. For the mathematical theory,
the analysis is stressed on the rigorous proof on the existence and uniqueness of the
proposed classes of the solutions. The original problem is mapped into different

parameter space which is linear, the remapping process also leads to the linear
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differential equations which have well defined proof for existence, regularity and
uniqueness of the solutions.

Second, a special class of solutions to the three-dimensional incompressible Navier
Stokes equations is investigated further. A potential function and a transformed
coordinate are proposed, and the three equations are altered into simpler equations in
terms of the potential function and the transformed coordinates. The proposed class of
solutions is first substituted to the continuity equation and the resultant expression is
cmployed sequentially into the Navier-Stokes system to find full solutions. Then,
particular analytical solutions are obtained and extended to the more general form.

This work is continued to a nontrivial coordinate relation with respect to time. It
will serve to the more general function, which analysis in time coordinate can be
chosen as any function whether describing blown up solutions or not. The extended
analysis to general functional relation due to pressure gradient is also performed. The
procedure is also developed in a sense that only one spatial and time coordinate
transformed to a single coordinate which is supplemented by a new proposed method
to find closed-form solutidns for general second order ordinary differential equations.

It is interesting to mention that solutions of the vorticity equations drive towards
the collection of exact solutions to the Navier-Stokes equations. The vorticity
representation is reasonable and physically clear, at least for incompressible flows
[30,31]. The advantage to consider vorticity equations is its capability to remove
pressure relation due to vector identity. The pressure hessian then can be calculated
from the divergence operation after velocity relation is obtained. The method for
finding particular solutions is also more developed in this section if the derivation is
brought into the first order differential equations. Finally, preliminary validation work

is conducted to test the applicability of the solutions.

1.6  Thesis Qutline

This thesis consists of six chapters with references. This chapter (chapter 1) presents
outline about the importance contribution of analytical research, especially exact
solutions to fluid dynamics. The problem statements concerning to the specific area
are explained briefly. The research objectives then proposed followed by

methodology and scope of works including work outline.



Chapter 2 deals with the literature reviews of the previous researches related to this
work. Firstly, some aspects of exact solutions in the fluid dynamics research are
reviewed extensively. The subject then followed by the review of turbulent flows
which is arranged such that it is clear as to what, why and how analytical research will

significantly contributes to resolve turbulent flow problems.

Chapter 3 is deals with the contribution to the theory of solutions to the three-
dimensional incompressible Navier-Stokes equations. The contributions are in the
abstract analysis which the results represent physical and mathematical properties

with respects to the proposed classes of the solution.

Chapter 4 deals with the contributions to the methods of generating exact solutions to
the three-dimensional incompressible Navier-Stokes equations with respect to the
proposed class of the solution. Analysis is divided into four sections based on the
generality of the problems. Each section reveals its own specific problems and

difficulties concerning to the coordinate transformations, pressure and time relations.

Chapter 5 deals with the validation cases of the solution. The validation cases are
laminar and turbulent flows including combustion. Each case is discussed concisely

from physical point of view.

Chapter 6 deals with the summary of works and discussion about the possible future

works which relevant to the general problems of fluid dynamics research.



Chapter 2

Literature Reviews

2.1 Some Aspects of Exact Solutions

The closed form solutions of the integrable systems, even with infinite number of
degrees of freedom, always show regular and organised behavior. Solitons in the
systems described the Korteweg de Vries and Schrédinger equations [32,33] are the
outstanding examples. This kind of solution is interpreted as a mutual interaction
among their nonlinearity such that the solution becomes perfectly regular. Also, the
Burgers equation which integrable and shows random behaviour only under influence
of random force [34]. These examples reveal the behavior of nonlinear systems to
random forcing and should be distinguished from problems involving self excitation
turbulence. The Navier-Stokes equations at a certain large Reynolds number have the
property to initiate a randomisation, which are not fully understood. There is no
universal agreement of what is inside turbulent flows. It can be stated almost
everything including the direct experimental results of numerical and laboratory,
which can be obtained from the first principles, the Navier-Stokes equations.

The theory of the Navier-Stokes equations constitutes a central problem in recent
development of mathematical physics. These equations are physically well accepted
model for description of most fluid flow phenomena and much effort has been placed
by mathematicians, 'physicists, engineers, meteorologists and others. However, many
problems are still waiting to be mathematically and physically resolved at the front of
science. On the mathematical side, the Navier-Stokes equations are model for the
investigation of nonlinear phenomena and nonlinear equations which are not well-
developed enough [35]. The Navier-Stokes equations and the related Euler equations

issue problems in nonlinear analysis, well-posedness and nonlinear dynamics.



One of the main issues is an analytical treatment of the corresponding fluid
equations which relates to the attempt of generating function appear in the solutions,
Such analytical solutions are usually represented by elementary functions known to
mathematical physics. Elementary functions arise from many resources, in most cases
they appeared naturally as a result of the solutions of linear ordinary differential
equations. This is true, for example, of first order equations, where exponential
functions describe the essential decaying nature near the infinity. Such nature can also
be described by the Bessel function and the hyperbolic function that occurs in more
complex equations. In fluid dynamics, this situation always arises at a slight corner
where the equations are elliptic, as for the biconvex airfoil [36]. When the problem is
confidently described as the correct diagnosis, it may be possible to render the
solution uniformly valid simply by replacing the exponential functions with near-
integral powers. In inverse coordinate expansions for viscous flow, these seem often
to be required to ensure exponential decay of velocity.

On the other hand, it may be found that the straightforward solutions represented
by elementary functions are not uniformly valid throughout the flow field. The best
known example is separated viscous flow at moderate Reynolds numbers, where
viscous motion fails near the surface. It is widely interpreted that the kinetic energy is
not enough to overcome friction and adverse pressure gradient. This is usually
supplemented by the boundary layef approximation from the modified Navier-Stokes
equations. Not only does the first approximation breaks down locally in such cases,
but the difficulty is embedded in higher approximations such that in the region of non-
uniformity the solution grows worse rather than better [5,37]. In other problems their
source 1s even more obscure and these somehow belongs to the analysis of singular
problems.

However, because the solution is affected by a change of coordinates, the question
was implicit when it is observed that investigations of the 'semi-infinite flat plate are
carried out in other coordinate systems rather than the traditional Cartesian
coordinates. Suppose that the entire boundary layer analysis is repeated in a different
coordinate system, that is, the Navier-Stokes equations are written in the new system,
the stream function and coordinate normal to the surface are modified by a certain
well defined factor. Physically, ‘Fhe resulting boundary layer equation should be
solved subject to zero velocity at the surface and matching with the basic inviscid
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flow in outer layer. It will be found that although the boundary layer is invariant, the
outer layer region is not, so that it represents an altered flow field. Different
coordinate systems yield boundary layer solutions that are identical at the surface and
differ only negligibly within the boundary layer. It shows that the skin friction is
invariant but may differ significantly outside the considered boundary layer.

The search for special coordinates was inspired by the fact that if certain nonlinear
partial differential equations are approximated by different equations or even set of
equations, the solution then is the exact solution of the original equation mapped to
different coordinates [26,38]. This, together with other considerations already
mentioned, suggested that special coordinates may be preferable for some physical
cases when the full Navier-Stokes equations are used, and this has been seen to be
true.

For boundary layer solution, it has been customary to disregard the solution
outside the boundary layer region, where it can be replaced by the matched function
of inviscid flow [39]. However, it may not be necessary to repeat the boundary layer
solution when the coordinates are changed. The advantage of the changes can be
investigated by secking a special coordinates system in which the boundary layer
solution attaches to the outer flow. When any convenient solutions are calculated in
any coordinate systems, its counterpart in any other system is given by a simple rule.

The transformations used in the methods suffer despite the evident utility from the
objection that they must usually be applied arbitrarily and blindly, with no
understanding of the mechanism involved. It also may not be sufficient when neither
the nature nor the location of the singularity that limits solutions is known. It also
goes without saying that one does not always achieve such significant improvement as
in the preceding examples. With further insight into the source of blow up, the
equations can be processed more rationally and more successfully. Thus preliminary
knowledge of the location of the singularity may be considered, though not its
character. It often happens in mechanics that a power series expansion having
physical significance only for positive real values of the perturbation quantity is
restricted by a singularity elsewhere in the complex plane, usually on the negative
axis, and if the variables have been chosen in the most natural way. This situation
exists may be known from fundamental considerations, or be suggested by a rational

fraction as in [40], or merely be suspected.
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Singularity problems also arise frequently in fluid mechanics, since they have been
studied increasingly in recent literature as the requisite mathematical techniques were
developed [29,41]. Understanding is gained into even some classical problems by
recognising their singular nature. These efforts are largely devoted to the rigorous
proof of the existence and uniqueness of the solutions. Mathematical justiﬁcatidn of
these procedures is fairly complete in two-dimensional cases, but still open for three-
dimensional cases. Therefore no precise statements can be made as to when the
solutions can be applied, as to which is preferable in a given problem, or as to how
analytical methods are related to each other. Nevertheless, in some cases, ordinary
differential equations can be adopted as simple models to demonstrate the important
points [35]. The nonlinear term in Burger equation for example, lead to produce
regions of steepened velocity gradients, which implies to a transfer of excitation from
large scale to the small scale of the velocity field. The velocity field is reduced to a
sparse collection of shocks, with smooth and simple variation between fronts if the
Reynolds number is high. This feature make Burgers' equation a valuable tool.

However bad the solution is, various technological and complex fluid flow
problems are resolved via massive computations and often ad hoc arguments to lead
to their results. However, only a few works are conducted to justify the assumptions
on mathematical arguments. It is very important that a rational, consistent, approach
be developed to ensure its validity. Obviously, until this problem is settled, the value
of the results of such a computation may be questioned. In fact, it is necessary to
understand that actually the numerical methods and exact solutions both are useful
and complementary.

Aside from any physical considerations, fluid flow phenomena are most inherently
three dimensional and time dependent. Thus, an enormous amount of information is
required to completely describe such flows. Fortunately, it usually require something
less than a complete time history over all spatial coordinates for every flow property.
Thus, for a given flow conditions, the following question must be issued. Given a set
of initial and boundary conditions, how do the physically meaningful properties of the
flow predicted. What properties of a given flow are meaningful is generally dictated
by the application. However, for the simplest applications, it may require only the
skin friction and heat-transfer coefficients [43].
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Though we have a set of deterministic differential equations for describing fluid
flow phenomena, believed consist of all of turbulence known to experiments, most of
our understanding about turbulent flows were gained from the observations of
controlled numerical and physical experiments. There is only a little attempt of
theoretical analysis of the Navier-Stokes equations in turbulence. However, there are
several routes to do this indirectly or by using of the Navier-Stokes equations and
their consequences. In the sense that manipulating the Navier-Stokes equations and
their consequences will enable us to recognise the dynamically important quantities
and physical processes involved. In other words, the modified Navier-Stokes
equations and their consequences describe what quantities and relations should be
studied. So far this can be done mostly experimentally, but this kind of guiding should
also be useful theoretically [44].

More complex phenomenological considerations might require detailed knowledge
of energy spectra, turbulence fluctuation magnitudes and scales. Certainly, it should
be expected that the complexity of the mathematics needed for a given application to
increase as the amount of required flow field detail increases. On the other hand, if the
only required property is skin friction for an attached flow, a simple mixing-length
model may suffice [45]. Such models are well developed and can be implemented -
with very little specialised knowledge.

Generally, all flows of practical engineering interest are turbulent. Thus, once the
question of how much detail needed is answered, the level of complexity of the model
follows. In the spirit of Prandtl, Taylor and Von Karman, the engineers will mostly
prefer to use simple approach to reach their practical results. Phenomenologically,
turbulence is characterised by the presence of a large range of excited length and time
scales. The irregular properties of turbulence are strongly opposed to laminar motion,

because the flow moves in smooth laminae, or layers.

2.2 Challenges of Turbulent Flows

Any turbulent flow is maintained by an external source of energy produced by one or
more mechanisms [46]. The mechanisms in maintaining and sustaining turbulence are

observed to be strongly related to the way of laminar and transitional flows become
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turbulent. Apart from instabilities, turbulent flows can be produced by brute forces, or
by applying external force of both in real experimental set up and in computations by
adding some forcing in the right hand side of the Navier-Stokes equations. For
example, one of the simplest kinds of turbulent flow, quasi homogeneous and
isotropic, can be generated by moving a grid through a fluid medium or using a grid
in a wind tunnel {47], oscillating them in a water tank, or forcing turbulent motion by
electromagnetic forces, like in plasma, liquid metals or even electrolytes [48]. A
similar aspect of turbulent flow can be numerically produced by adding random or
deterministic forces which acting to the right hand side of the Navier-Stokes
equations. An important point is that the nature of additional force is secondary in
establishing and sustaining a turbulent flow, which means that the Reynolds number
is sufficient to create turbulent flows. In addition, the additional force would likely be
in the large scales.

Another important point is that the forcing does not have to be random. Even if a
turbulent flow is produced by random forcing, the primary role of such forcing is to
supply energy to the flow and to trigger the intrinsic mechanisms of self
randomisation of turbulent flow {49]. This is apparently to be a reason to differentiate
turbulent flows, the one which occur naturally and the other generated by external
random or deterministic source. They share similar qualitative properties and also
quantitatively similar in several aspects. It is already observed that the flow produced
by deterministic forces in the right hand side of the Navier-Stokes equations is not
random for small Reynolds number. For the flow produced by random forcing, though
random, it is in many aspects not the actual turbulence meaning that it is rather trivial,
and there is mostly no interaction between its modes, in the sense of Fourier analysis.
[t is not caused by the state of transition from laminar to turbulent flow. This problem
is related to the old philosophical question on whether flows become or whether they
are just turbulent. It can be from any initial state including a turbulent one, such as
random initial conditions in direct numerical simulations of the Navier-Stokes
equations [50].

Turbulent flows always occur when the Reynolds number is large. Careful analysis
of solutions to the Navier-Stokes equations of its boundary layer forms shows that
turbulence develops instability of laminar flow. To analyse the stability of laminar
flows, virtually all methods begin by linearising the equations of motion [51]. Even
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though some results can be obtained in predicting the instabilities which lead to
turbulence with linear theories, the inherent nonlinearity of the Navier-Stokes
equation most likely precludes an analytical description of the actual transition
process. For viscous fluid, the instabilities result from interaction between nonlinear
inertial terms and viscous terms of the Navier-Stokes equations. The process is very
complex because it is rotational, three dimensional and time dependent. The nature of
turbulence strong rotational behavior is closely correlated with its three-
dimensionality.

Turbulence also consists of a wide spectrum of scales ranging from largest to
smallest. In order to visualise a turbulent flow with a spectrum of scales we often refer
to turbulent eddies. A turbulent eddy can be thought of as a local swirling motion
whose characteristic dimension is the local turbulence scale. Eddies overlap in space,
large ones carrying smaller ones. Thus, turbulent flows are always dissipative. It is
also observed that the most important feature of turbulent flows from an engineering
point of view is the enhanced diffusivity. Turbulent diffusion greatly enhances the
transfer of mass, momentum and energy. Apparent stresses often develop in turbulent
flows that are several orders of magnitude larger than in corresponding laminar flows
[45].

The nonlinearity of the Navier-Stokes equation leads to interactions between
fluctuations of different spectrums and directions. The scale of turbulent flows ﬁsually
spread all the way from a largest comparable to the width of the flow to a smallest
driven by viscous energy dissipation. The process that drives the flows over a wide
range of scale is called vortex stretching [5]. Turbulent flow produces and distributes
energy if the vortex elements are oriented in a direction in which the mean velocity
gradients can stretch them. The wavelengths which are comparable enough to the
mean flow width interact most strongly with the mean flow. The larger scale of
turbulent motion carries most of energy and responsible for the enhanced diffusivity
and increasing stresses.

The process of vorticity generation is not just a creation of the velocity derivatives.
[t also includes the presence of small scale structure which the inevitable process of
vortex stretching tilted and folded because of the cascading process. The strain rate
builts up together with limitations on the large scale will leads to the formation of the
small scale structure. The definition of small scales above has some consequences.
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For example, since the velocity at the large scale is determined by vorticity, the
production of vorticity goes back in generating velocity. Since, the velocity is a
function of the strain, hence, that production of strain also goes back on the velocity.
Therefore, from the physical viewpoint it seems inconvenience to treat the small
scales as a kind of passive objects swept by the large scales. Similarly it seems
impossible to eliminate the small scales as is done in many theories reducing their
reaction back to some eddy viscosity or similar things only [52]. It is also noted that it
creates some large scale velocity due to nonlocal relations of small scale vorticity and
strain. This and other aspects of nonlocality contradict the idea of cascade in physical
space, which is local by definition [53]. According to the above arguments it looks
that the energy is transferred not necessarily through a multistep cascade process.
Instead, there is also an energy transfer in both directions, whereas the dissipation
always occurs in small scales.

In this case, the larger eddies stretch the vortex elements in random way, which
comprise of smaller eddies and cascading energy to them. The special interesting
feature of a turbulent shear flow is the way large bodies of fluid moving across the
flow, also injects smaller scale disturbances to it. The presence of larger eddies near
“the interface of turbulent region and non turbulent fluid can strongly change the
interface. [n addition to migrating across the flow, they have a lifetime so long that
persist for distances as much as 30 times the width of the flow [5]. Therefore, the
turbulent stresses at a certain position will depend on the upstream evolution and
cannot be determined uniquely by local strain rate as known in laminar flow.

They are recognised as random fields of vorticity with substantial vortex stretching
and a production of enstrophy by inertial nonlinear process dissipated by viscosity.
Also, an important process is the production of strain as explained before. Both are
the results of accumulation process of the velocity derivatives in turbulent flows, and
consist of one of the most important dynamical properties of turbulence. The
production of strain is strongly related to the dissipation process of turbulent flows
and the amplification of vorticity, is interacted with dissipation. It is known that
random potential flows are not turbulence and it is not difficult to observe vorticity
dynamics of the three-dimensional turbulent flows, which can be seen from the direct
numerical simulations of the Navier-Stokes equations [54]. In fact, the classification
of two dimensional chaotic flows with many degrees of freedom as turbulence could
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be questionable. The main objection is that the two dimensional flows lack the
mechanism of vorticity and strain amplification.

The association with the rate of strain tensor which is represented by vortex
compressing or the generation of negative enstrophy makes the amplification to the
rate of enstrophy generation become positive [55]. However, the non viscous rate of
enstrophy generation also comprise of a term representing the interaction between
vorticity and the pressure. Stretching of vortex is required to maintain the fluctuating
vorticity in a turbulent flow [56]. Tt is known that the largest deviation from Gaussian
distribution is present at the smallest distances between two points or small scale. The
velocity derivative is more intermittent than the field of velocity itself. One of the
possible reasons for this is in the different nature of nonlinearity at the level of
velocity field, i.e. in the Navier-Stokes equations and, may be, in the equation for
vorticity. Namely, the nonlinearity in the Navier-Stokes equations contains a potential
part and this can be included in the pressure hessian [57]. It is noteworthy to stress
that there might not be such reduction of nonlinearity on vorticity scale. Therefore,
intermittency can be considered as a product of the nonlinearity.

The mathematical theory is fairly complete in two dimensional case but not in
three dimensional or more. This inherent three dimensionality means that there may
not be sufficient two dimensional models of the original problem and this is one of the
reasons turbulence remains the most unsolved scientific problem of the mathematical
physics. The time dependent property of turbulent flow is the main cause of its
intractability. Even, many consider that the complexity is beyond the mere
introduction of an additional dimension. Turbulence is characterised by random
fluctuations thus obviating a deterministic approach to the problem and many people
use statistical methods. On the other hand, this aspect is not really a problem from the
engineer's view.

While the mean parameter of the nonlinear term in the energy equation is
vanishing, the nonlinearity is generating vorticity and strain in physical space as the
mean enstrophy and strain are strictly positive. It is reasonable and justified from the
physical viewpoint to relate the velocity derivatives with small scales and can be
immediately seen that three dimensional turbulent flows have a natural tendency to
create small scales. The velocity field and its energy generating in the process of the
production of velocity derivatives is the one which is related to the small scales. This
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process is what can be called as energy transfer from large to small scales in physical
space. Indeed, as mentioned earlier, two large nearby eddies can dissipate energy
directly by encountering each other on a very small scale [58].

Since there is no precise conclusion in defining the meaning of the term scales,
then the meaning of the term cascade which is associated with the spectral energy
transfer suffer ambiguity. The common viewpoint is that, the small scales are always
related with the velocity derivatives. Thus, it is reasonable to consider this field as the
one representing the small scales of turbulent flows. The dissipation is related to the
symmetric part of the velocity derivative which represents the rate of strain, while
vorticity is related to the anti symmetric part. Meanwhile, the large scales are
naturally characterised by the velocity field itself. This is also justified because the
sustaining turbulent flows requires energy input into the flow, the power input
associated with this force is the velocity field [46]. Even if we had a complete time
history of a turbulent flow, we would usually integrate the flow properties of interest
over time to extract time averages.

However, the technique of time averaging that lead to statistical correlations in the
equations of motion cannot be determined a priori. This is the classical closure
problem. In principle, the time dependent, three dimensional Navier-Stokes equation
contains all of the physics of a given turbulent flow. That is true from the fact that
turbulence is a continuum phenomenon. In fact, it is observed that the smallest scales
in turbulent flows are far larger than molecular length scale. Nevertheless, the
smallest scales of turbulence are still extremely small. They are generally many orders
of magnitude smaller than the largest scales of turbulence, the latter being of the same
order of magnitude as the dimension of the object about which the fluid is flowing.
Furthermore, the ratio of the smallest to largest scales decreases rapidly as the
Reynolds number increases. To make an accurate numerical simulation (a full time
dependent three dimensional solution) of a turbulent flow, all physically relevant
scales must be resolved.

Nevertheless, it is possible to generate fully resolved solutions at moderate
Reynolds numbers through direct numerical simulations (DNS) of the Navier-Stokes
equations. Following a goal to reveal complete time history of turbulent flows, only
solutions to the full set of the Navier-Stokes equation will be convenient. The
accepted solutions require a highly accurate numerical solver and could require the
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use of subtle transform techniques, not to mention vast computer resources. At this
point, the Navier-Stokes equations most - possibly contain more than any
approximations of the dimensions of attractors and anything which belongs to the
reduction into the dynamical systems. This is not clear, since the Navier-Stokes
equations are a gradient expansion from the classical kinetic theory. Therefore, in
principle, higher order terms may become dominant in regions with large velocity
gradients. Even though the Navier-Stokes equations have a limited kinetic foundation
[59], they are generally believed to be adequate describing most of the continuum
flows. However, the standpoint of continuum mechanics can be taken at the very
beginning. In the case of the related problem between the stress and the rate of strain
in the fluid flow, the Newtonian fluid is the one in which this relation is linear. There
exists large empirical evidence that the Navier-Stokes equations are valid, at least, at
all known practical Reynolds numbers, hence continuum mechanics is also eligible.
This also covers the possibility that in special conditions, where the strain rate is
extremely large, the Newtonian fluids become non-Newtonian, in which the analysis
is shifted to variable viscosity [60].

The most well-known qualitative properties turbulent flows are similar and they
also generate the idea of qualitative universality of turbulent flows. The concept of
qualitative universality is not just an obscured idea. These qualitative features of
turbulent flows are universal for all turbulent flows arising in qualitatively many
routes and circumstances and generally characterise turbulent flows in a unified view.
There are also universal quantitative properties which are specific for a special class
of turbulent flows. Many quantitative properties most possibly will widely vary with
the range of scales of interest. The properties of the large scales depend on the
mechanisms related to the turbulence excitations which are quantitatively not
universal, though they are qualitatively universal. It is the small scale turbulence
which, since Kolmogorov, is believed to hold some universal properties that are
independent of the large scale flow structures [61]. This point of view is not accepted
universally.

The issue of the existence of universal properties is one of several debated
controversies in the turbulence problems. This includes the meaning of the term
universality. For example, one issue discusses the invariance of some properties of a

particular turbulent flow at large enough Reynolds numbers. Another issue is
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concerned with the universality of scaling properties of small scale turbulent flows,
which has remained to be one of the most active targets of inquiry. The scaling
property of turbulent flows which is derived from the first principle is one of the most
popular objectives of fluid dynamics research. Scaling and other phenomenological
aspects are extensively reviewed in literatures [62].

The nonlinearity of the Navier-Stokes equations is the most frequently pointed out
as the main source. The nonlinearity of the Navier-Stokes equations is obscure, thus
not like nonlinear problems that are completely integrable. The famous example is
systems which have solitons or solitary waves as a solution. In these systems, the
many degrees of freedom are so coupled that they do not show any chaotic and
irregular behavior, also they are entirely organised and regular [34]. It is unfortunate
that the coherent structures in turbulent flows for example, fall to be treated and
viewed in a similar way. The nonlinearity of the Navier-Stokes is also responsible for
the difficulties in the closure problem in turbulence modeling which is associated with
decomposition, such as the Reynolds decomposition of the velocity into the mean and
the fluctuations, or similar decompositions into resolved and unresolved scales related
with large eddy simulations (LES) [61]. The main question is the mean field or
resolved scales contain seed of the fluctuations or in unresolved scales due to the
nonlinearity of the Navier-Stokes equations have to be cleared. A similar problem
exists for the advection-diffusion equation representing the dynamics of a passive
scalar in some flow fields [63]. But this equation is linear. The problem occurs due to
the multiplicative operation of the velocity field, since velocity enters this equation as
its coefficients.

It is widely known that the large scale evolution will depends on the fluctuations or
unresolved scales in the time and space domain. Therefore, the considered problem
cannot be described properly by passive scalar. This means that in turbulent flows, the
localised independent relation such as stress-strain relation, can not exist, even though
eddy wviscosity and eddy diffusivity are considerably implemented as an
approximation for describing the reaction back of fluctuations on the mean flow [43].
The fact that the eddy viscosity and eddy diffusivity are flow dependent is just another
expression to represent the strong coupling between the large and the small scales
[64].
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This in turn means that the large scales and the small scales as should be strongly
coupled, as indeed is the case. This coupling is in two directions, which means that
the small scales cannot be consider as passive to the large scales and the small scales
react back in due to the nonlocality. Somehow such relation in the case of a passive
object is detected in a turbulent flow [65]. The coupling of large and small scales
which is related to decomposition of turbulent flows and in the closure problems
occurs frequently. The relation between the fluctuations and the mean flow is not
localised in space time, it is a functional [66]. From the mathematical point of view, a
process is called local if all the terms in the governing equations are differential.
When the equations consist of integral terms, the process is non local. It is already
defined that the Navier-Stokes equations are classified as integro differential in the
velocity and represent non local processes. The problem is strongly associated to the
decompositions, for example, replacing pressure term by a local quantity may not turn
the problem into an integrable system. However, the reason for the formation of
singularity in finite time in such models is that the scheme in the integrable models is
fixed in space, whereas in a real turbulent flow it is oriented randomly in space and
time [67]. This means that nonlocality due to pressure is substantial for 'sélf sustaining
turbulence.

Physically, it is satisfactory to state that the nonlocality is because of the presence
of long range forces due to pressure [16]. Since the pressure is nonlocal due to
nonlocality of the integral operator, the pressure is then defined in each space point by
the velocity in the whole flow field, which is related also to the nonlocality in time.
Nonlocality cannot be easily dropped by implementing the curl operator to the
Navier-Stokes equations which eliminate the pressure gradient term and producing
vorticity equations. The situation is that the vorticity is nonlocal in vorticity equations,
since it borrows the strain rate due to the nonlocality of the operator. The whole flow
field is defined in each space point by the vorticity and boundary conditions on
velocity.

A related aspect is that the acceleration which is a kind of small scale quantity is
dominated by pressure gradient [68]. The vorticity equations including enstrophy are
nonlocal in vorticity, they consist of the strain rate tensor and the nonlocal interaction
exists between vorticity and the strain rate itself. Also, in compressible flows there is

no such relatively simple relation between pressure and velocity gradient, but the
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vorticity-strain relation remains the same [69]. The nonlocality is also observed for
the strain rate, dissipation and for the third order quantities. An essential aspect is that
the dynamics of nonlocality due to pressure hessian can be viewed as interaction
between vorticity and pressure and between strain and pressure. The production of
enstrophy describes nonlocal aspects of vortex stretching process.

Transitions from one flow to another with increasing Reynolds number are
observed to be a representation of structural evolutions of the mathematical objects
called phase flow and attractors through bifurcations [70]. However, weak turbulent
flows do not fit easily in this conjecture. Weak turbulent flows contain continuous
transition from laminar flow into turbulent as result of the process called entrainment.
The processes by which the transition to turbulence are quite diverse, all known
quantitative properties of many turbulent flows may appear to be weakly dependent
either on the initial conditions or on the history and particular way of their creation,
like the flows can be started from rest or from the other flows. Ewven though, the
quantitative properties of turbulent flows could depends on the nature of their
transition, it is well known that the qualitative properties of turbulent flows remain the
same.

There is variety of processes by which the transition phenomena to turbulent flows
is due to the details of instability [71]. Many flows, such as internal flows, boundary
layers, jets, shear flows are easily affected by external noise and excitation. There are
substantial differences in the instability of turbulent shear flows which consists of free
and wall bounded flow, thermal convection, vortex breakdown, surface and internal
waves as the major phenomena [72,73,74,75,76]. It is important to note that such
differences also exist for the same geometry, which displays interesting variety of
transitional behaviour. The unique route could depend on initial conditions, external
disturbances, external force, time history and other details. This difference is
practically observed at the initial state of the linear instability, where the nonlinear
stages are less sensitive to such details.

It is quite common to confront the traditional statistical and the deterministic or
structural approaches in turbulence research. However, contrasting the terms
deterministic and random has lost most of its meaning or at least become blurred with
the developments in deterministic chaos. It is noteworthy to mention that simple
systems governed by a deterministic nonlinear equations, shows irregular, random and
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stochastic behaviour [77]. The problem of turbulence was known long before the
construction of chaos theories. Since Leray, there is no universal agreement whether
turbulence is a breakdown of the Navier-Stokes equations [78].

In turn, one of the outstanding problems in mathematical physics is whether the
Navier-Stokes equations at large Reynolds numbers develop a genuine singularity in
finite time. Note that there is some analytical and numerical evidence that, at least for
Euler equations, this may be true [79,80]. Also, it seems a justified view that the
presence of singularities will develop topological defect and dissipation for the
Navier-Stokes equations. Their existence is influenced at the dissipation scales and is
perhaps the source of small scale intermittency [78]. Such reaction back is reasonable
due to the direct coupling between large and small scales. Near singular objects
related with non-integer values of the energy spectrum scaling exponents are
investigated to be closely associated with some structures and with intermittency of
turbulent flows [81,82]. In most cases, the near singular objects may be among the
source of intermittency. The problem with two dimensional turbulence is that
everything is found regular, but there is still intermittency and near Gaussian
behavior. However, non Gaussian property is strong at the level of velocity
derivatives of a second order [83]. Therefore, the possibility of singularity formations
in three dimensions is not always the cause for intermittency in éthree~dimensiona1
turbulent flows.

The important point is that investigating the behavior of a simplified equation will
not solve the problem. Even any particular solutions from analytical methods may
have only little contribution to the understanding of the basic properties of turbulent
flows. Consequently, nothing less than by understanding the global behaviour of
solutions of the Navier-Stokes equations would seem to be convenient to explain the
phenomenon of turbulence [54]. The problem is to solve the constitutive equations
with subject to the initial and boundary conditions. The task is difficult because our
ability to tackle nonlinear problem i.e. very high dimension and complicated structure
of the underlying attractors is still in the early development.

As a summary, turbulence consists of many physical natures which seem to be
difficult to solve. Turbulence also seems to have qualitative universal feature for
many cases. The understanding is still not clear whether this feature is strongly related

to the variety of the large scale dynamics of turbulent flows. Note that this
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justification mostly comes from experimental evident, because the development of
numerical and mathematical analysis of the Navier-Stokes equations is still not
sufficient to tackle phenomenological problems. On the theoretical side, once the
problem of singularity is settled, mathematical analysis will at one big step forward to

reveal the secret of turbulence orchestrated by the Navier-Stokes equations.
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Chapter 3
Contributions to the Theory of Solutions: The Physical and
Mathematical Aspects of the Incompressible Navier-Stokes

Equations

As they are well defined, the incompressible Navier--Stokes equations with continuity
equations are presumed to embody all of the physics inherent in all fluid flow
phenomena, or more specifically, laminar and turbulent viscous incompressible fluid
flows. It is known that the Navier-Stokes equations are typically a problem of non-
integrable systems, whose any global unique solutions may not exist.

The existence of time periodic solution to the Navier-Stokes equations is proved in
the whole space [84]. Then, more generally, strong solvability of the Navier-Stokes
equations is investigated [85]. It is proved that there exists essentially only one
maximal strong solution and that various concepts of generalised solutions coincide.
Some criteria on certain components of gradient velocity are given to ensure global
smoothness in time [14,86]. Considerable effort is spent to reduce the analysis to
make it more tractable, like partial regularity of the nonstationary Navier-Stokes

equations in Qx[0,7] where the regularity of suitable weak solutions is proven for
large |x| [87]. It is also mentioned that their result also holds near the boundary. The
more general regularity concept with simplified problem is investigated in [88] which
states that w satisfies either welI® (sz(O,T)) or ﬁweL”(O, T (R3)) with
/p+3/2q=1/2 and ¢=3 for some T>0 then u is regular on [0,7]. Similar

investigation is performed for thin three-dimensional flows [89].
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3.1 Triviality in Boundary Value Problems

Global in time continuation still remains the unsolved problem in mathematical fluid
mechanics [89,90]. The question arises as if such singularities exist, they might be
related to turbulence by invoking that we have global smooth solution for two-
dimensional flows, and turbulence is three-dimensional phenomena. This hypothesis,
however, has serious difficulties as the observed phenomenon is so far bounded in
nature.

Therefore, the argument that turbulent solutions should have no singularities is
supported in this work based on the triviality of the solution for simple energy
equation. Analysis of global trivial solutions is important from mathematical and
physical aspects, it has wide application due to its correlation with many areas where
some hierarchical solutions are needed to be arranged [15,26,38]. Classical procedure
of vector identities is implemented for producing trivial solutions. Violation from
trivial solutions is also investigated. Investigation of nontrivial solutions is related to
the rate of energy generated or destroyed. The assumed nontrivial solution from the
Navier-Stokes equations is performed by the utilisation of the vorticity equations

which is related to the onset of turbulence due to energy accumulations.

3.1.1 Boundary Value Problems

Let £ be the region of interest as described in fig. 3.1. It is supposed that the
associated problem is a connected, bounded region in three-dimensional domain.

Moreover, let =,i=1,..,m, be sub regions characterised by simple boundaries and

E,,i=1..,n be the sub regions where boundaries are not simple. This means that the
considered boundary &=, and &=, are defined as regular and irregular surfaces

i

respectively.
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Thus, the boundary-value problem is determined as follows; given density p> 0

such that velocity ¥ is real vector field consists of <u,v,w> components and p is real

scalar field defined in every region Z,,i=1,..,m, and E_,i=1,..,» which fulfill,

ai’z
W VTV =-LTp 0T (3.12)
ot p

V.F=0 (3.1b)

with boundary and initial conditions ¥ =¥ (x,y,2,0) on &8, or &, . The previous
problem also denotes kinematic viscosity v > 0, V =<d/ax,d/dy,d/0z> and n is the

unit vector normal to the surfaces § parallel to the velocity. It will be demonstrated
that if the nonzero divergence condition in (3.1a) due to the production term in the
control volume is implemented, the boundary value problem does not have any trivial
solutions. It is very important consequence since the nonzero divergence in the
continuity equation has wide applications, for example, combustion problems.

It is noted that the previous boundaries are characterised by the Cartesian
coordinates and only applied to few simple applications. For this reason it is important
to prove that the associated problem can be extended to general coordinates for non-

simple boundaries. The general coordinates are also defined in Z,,i=1,.,m and
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E,.i=L..,n such that general solution is mapped to the general coordinates in the

same regions. The mathematical formulation of the associated general coordinates is,

£=¢(xp,%1) (3.2a)
n=n(x,y,z1) (3.2b)
5 =¢(%7.5.10) | (3.2¢)
r=1(t) (3.2d)

such that &, n, ¢ and rare continuous in Z,i=1l,..,m and Z ,i=1..,». It is also

important to note that the boundary conditions considered in (3.1) are also applied to

the general coordinates.

3.1.2 The Existence of Trivial Solutions

In this section, some important properties of the solution of (3.1a — b) are investigated
in order to prove the triviality of the solutions with respect to the boundary value

considered. The energy rate is defined as a product of static pressure p and flow rate

¥ across control surface. Direction of velocity is parallel to the unit normal control
surface ». It is supposed that the region £ be the associated problem and consists of

i parts of region with simple and non simple boundaries. Therefore, the assumed zero

energy rate, £ can be written as,

%’f: pAV +1 o7 47 =0 (3.3)

Consequently, the divergence theorem can be applied to the whole region of interest

as,

§h (o7 407'7 s = [[[ {7 4407 amo (3.4)

By using vector identity, V ( f F) = fV.F+F-Vf, hence, it is identified,

qus(pv.m%pﬁ.;)ds=m_(pv.mmp%pv*v‘.mépv.sz E-0 (3.4b)

Since @S(pf_/:-;t-F%p?z?-;z)dS =0, then
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Suppose that the rate of energy is zero everywhere, then, equation (3.4¢) is
automatically satisfied. The first and third terms of energy rate are always zero

according to continuity. Therefore, since p and ¥ are nonzero, then Vp and VV

must be zero. Thus, the following trivial solution is defined,
p = constant and 7 = constant (3.4d)

It is noted that equation (3.4d) will also satisfy the continuity and incompressible
Navier-Stokes equations. This is one of the interpretations of equation (3.4c).
However, it is interesting to consider more general conditions in which (3.4¢) will

be satisfied. Consider the function not zero for whole infinite boundaries,

Pl

[T (pV-I7+I7-Vp+%pl72§-l7+5pl7ﬁl72]dEaldn
—al

=~

+;7.vp+lp;72w+lp;7.v;7"jdaldm+
2 2
(3.52)

It is possible that »<<m, and without losing a generality take »=1, such that by

dividing procedure the following expression is produced from equation (3.5a),
z:g(n)+j h(m)z(m)dm (3.5b)
where,
e)=[JI, (977 Tprg V07 1o 97 )2
Za 2 2 “

T (T S R
h(m)z(m)=J-“.E](pV-V+V-Vp+5pV VTV V7 ]dEI.
Note that z in the left hand side is same as right hand side. By taking
j:j h(m)z(m)dm, where z<j, and performing differentiation of ;, the following

inequality is produced,
Jj'=h{m)z{m)< h(m)j(m) (3.5¢)

By multiplying (3.5¢) by exp(— j h(m)dm) , and applying the identity [91] to obtain,
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7rexp(~{ n(mydm)—h(m) j (m)exp(~ [ 1 (m)dm) <0
Therefore, the following result is yielded by integration,
j< cexp( j h(m)dm) (3.5d)
with ¢ being an arbitrary constant. Since j<F, it is proved that zero value for F is

very special case for condition that energy rate is not zero everywhere. Moreover, the

consideration can be changed to j<z and F<j, by the same procedure in (3.5a -
3.5d), to obtain the inequality cexp”h(m)dm) < j. It can be concluded that the special

condition still holds and case for zero energy rate everywhere is more plausible.

Therefore, the above derivation can be stated in the following lemma,

Lemma 1: There exist p and V as solutions to the continuity and incompressible

Navier-Stokes equations such that the rate of energy in the whole domain of

[11

Hi=Ll..m and E,,i=1,..,n with respect to the initial and boundary conditions

i

=l

=V (x,7.2,0) on &8, or 88,, is equal to zero. The solutions then are,

p = constant and V = constant

It is obvious that the above trivial solution will only be valid in special cases. The
violation of the condition described in lemma 1 is strongly related to the Navier-
Stokes equations which can be correlated to the onset of turbulence as explained in
section 3.1.4. In this case, the analyticity is implemented in order to generalize
solutions to the limit of or near to triviality in some sharing regions. Hence, another

interesting result is produced,

Proposition 1: Any nonirivial solutions are analytic in regions E,and 2.

Furthermore, in the intersection region such that = ~E,, is strictly held, function

!

f(x) is considered. Suppose that f(x) is at least twice differentiable and convergence

to the some constant value B in certain location which is related to lemma 1.
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According to the property of analytic function, it is reasonable to assume that if f(x)
is convergent in some point y which is close enough to x then some value B' will be
generated such that B'~B. Therefore, for | p and ¥V with associated boundary
conditions, it is proper to consider sub region ¥ in E, nE, such that x<W¥ <y where
¥xeg, and ¥ - ye g, . Then, according to the analyticity property of p and ¥, it
is reasonable to conclude that p and ¥ in ¥ are equal to B' and C' where B'~ B and
C'=C in E,i=1..,m and E,,i=1..,n. Therewith, the following statemént is

produced,

Lemma 2: Given any nontrivial solutions such that p >0 and H_V'" >0, can be applied

fo A, where A is a boundary of E, and also becomes at least one sub region or part

of E,,, where p and V are trivial. The corresponding solution can be interchanged at

the boundary such that there exist

p~constant and V ~ constant

in A.

It is interesting to note that shock wave and laminar-turbulence interface problems
might be described by this condition since they are considered as a discontinuity jump

between two regions separated by boundary conditions.

3.1.3 Triviality in General Coordinates

First, it is observed that equation (3.1) in general coordinate (3.2) will satisfy the
energy conditions (3.4) in the whole domain. Then, by utilising lemma 1, the

following result is produced,

p = constant and ¥ = constant

Py

in &,i=L..,m and E,,i=1,..,n. Then, proposition above is used to observe that pis

—

analytic with its derivatives in Z,,i=1..,m and E_,i=1,.,n. Sub regions 1<k<m in

i
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E;,i=1..,m and 1</<m in E,,i=1,.,n are now considered. There exist some regions
that 1<k<m and i1</<m are intersect such that E nE_ . If the solution is nontrivial
i=l,..,n, then it is analytic due to proposition 1. As a

in E,i=L..,m or E,,

consequence, the following result is also obtained at the boundary,

p~constant and ¥ ~ constant

Therefore, the following theorem is just already proved,

Theorem 1: Any solutions for boundary value problems of the continuity and
incompressible Navier-Stokes equations that satisfy the condition of zero rate energy

is trivial, i.e. p= constant and V = constant.

3.1.4 A Possible Route to Turbulence

It is more reliable to study the fluid motion using vorticity [29,41]. Taking curl
operation to the Navier-Stokes equations, the following vorticity equations are
obtained,

%ﬁ-%:a?rﬂuﬁ% (3.6)

where @=VxV and w=<0,,0,,0, >. Note that the pressure term in (3.1a) is vanished
by the curl procedure and equations (3.6) also satisfy continuity equation for

incompressible flow, V-7V =0. It is supposed that there exists a potential function @

such that the velocity vector can be expressed as,

V=Vx® 3.7
Therefore, the Vorticity can also be expressed by the potential function @ as,
0=Vx(Vx0) | (3.8)

Note that equation (3.6) has some solutions for certain boundary and initial
conditions. Therefore, any solutions of (3.6) will produce velocity field in the
following form,

oo oD
Ox; O

=
Il
|
1
|

(3.9)
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Hence, by substituting (3.9) into the Navier-Stokes equations, then the solution for p

is non-trivial, thus, the above derivation can be concluded as in the following,

Proposition 2: Boundary value problems of nonsitationary three-dimensional

incompressible flows admit non trivial solutions

Note that the problem considered here strictly obeys the Navier-Stokes equations,

so violation from condition explained before, i.e. p=constant and ¥ = constant are

very possible. Suppose that due to relation (3.3), the energy rate is produced if the
condition violated, it is plausible that the excess energy will be distributed to the
whole domain, then the observed parameters will also deviate from trivial conditions.
Furthermore, the case considered here strictly admits contimiity in the form of
velocity divergence, meaning that if in some cases velocity divergence is not zero,

triviality in p and ¥ will be more difficult to obtain.

Corollary 1: Any non trivial solution for boundary value problems of the continuity

and incompressible Navier-Stokes equations is a possible onset of turbulence.

which is also stated by Adomian [92]

3.2 The Mathematical Theory

Apart from the mathematical analysis, it is known that the solution of the Navier-
Stokes equations on the corresponding domain with periodic boundary conditions has
global regularity, as long as there is control on the size of initial data and the forcing
term. Also, the Navier-Stokes equations are modified in a lengthy work of [93] to find
the interior regularity and to ensure the uniqueness of the solutions. However, it is
possible to generate the existence theorem from explicit solutions like numerical
methods [94] to provide, by strict solution, a rigorous a posteriori analysis of the
existence of the steady solutions,

Therefore, it is clear that although it is promising to overcome the problem of
nonlinear differential equations by finding class of exact solution [95], it is important
to give the foundations of the analytical solutions to explore their global properties,
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like one might find possible local singularity for this particular class of the solutions
[96]. Therefore, this section provides analysis of analytical solutions which are
detailed in section 4.4. Analysis is carried out in vorticity equations rather than in the
Navier-Stokes equations by considering that solutions will fulfill certain conditions
that satisfy the Navier-Stokes equations [41]. Additional assumption for the pressure
condition is not necessary since it will vanish through the curl procedure. The
obtained solution is then substituted back to the original Navier-Stokes equations and
the pressure relation is also obtained. In this work, a potential function is proposed to

form the special classes of solution.

3.2.1 Triviality in ¥ =Vx® and ¥V =va+vVx® Classes of Solutions

Consider equations (3.6), (3.7) and (3.8). Thus, the vorticity can be defined explicitly

as,
0,=0, -0, ~-O_+0,_ (3.10a)
0,=0, - -0 _+0_ (3.10b)
0,=0,-0, -D, +0, (3.10¢)

Substitute equation (3.10a — ¢) into the vorticity equations (3.6) will yield a system of
equations,
In x direction;

8{@,, -0, -0, +0_}
ar

oD, —d a -
~{o,-2, -0, +c1:x,}{ya—x’}+{cpyz - - +<ny}{—

e, -0} o, -0 -0, +0,
+{q)xz_q)xx_q)y}’+d)yz} { yaz }+U { = ;Z.Z } ayz
Flo,-o,-0_ +0,}

oz*

+0

(3.11a)
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In y direction;

a{qnyz-qnuwcbmm)xyt{@ @ }a{¢y2~®22—¢ﬂ+¢w}+{¢ @ }8{(l)yz——CDzz—<Dxx+(ny}
ot ¥ z o z x o
ND,-D,, D, +D p) ~@, 2{®, - D,
+{CD"—(1)J’} { = oz = xy}:{CD"’-V—(DW_(DZZ+(sz}.%g——};+{®yz_q)zz—®xx+q)w} {q)a}’q)}
2 . _ 2 _ _
+{‘Dn—‘1’m—¢>w+¢ﬂ}a{djza;(pxhua {@, cb;;2 q)xx+q)xy}+ua {o, ¢;2 D+ Dy}
waZ{chz_@zz—qvﬂmw}
dz?
(3.11b)
In z direction;
a{cpxzmcp_u—qnw+q>yz}+{¢ o 16{<D12—<DH—CDW+CI)W}+{® o }a{@m—cpn—qnyﬁcbyz}
ot ¥ zf B z x a
+{®x—¢y}6{q’xz—¢xxa; yy'i'@yz}:{c})}y—d)yy—d)zz+d)xz}@+{¢yz_¢ﬂ_®n+®xy}a{q);—ﬁ
v _ _ 2 _ _
+{[sz“¢)xx_q)yy‘Hbyz}a{q)xa;(by}*i'l)a {CDXZ ‘I’;xxz (l)yy_1_(1)),2}-1"[)‘a {q)xz CI)Z;Z (Dw+q)yz}
+052{¢>xz—®,gz;®w+d)yz}
(3.11¢)
By taking sum of equation (3.11a — c), the following linear equation is produced
Z—fmﬁ*:lﬁzr (3.12)

with  T'=2{® +®, +0, -0 -0 -d_}, A={0 -0}, A,={® -0}

3

A,y :{(Dx —cIny}. Therefore, the corresponding problem falls into a category of lincar

parabolic (for 1"} and elliptic (for @) differential equations. Since the assumption of
regular boundary is held, construction of weak solution in £* and strong solution in
I¥ can be developed more easily as explained in the next section.
However, a more general solution can be developed using,
V=Vd+Vxd (3.13)

Similar expression in (3.12) can be obtained by the same procedure as above with the
additional terms resulting from the assumption of the vortex stretch added to the right
hand side of (3.11),
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for x direction :

{o,-2, —cpz,+¢x,}w+{¢ﬂ—¢zz—%+%}&gﬂ (3.14a)
+{¢H—®n—cbyy+q>yz}a—{3‘%?—“®z—}

for y direction :
{q)xy“q)wm@zz"rq)xz}w'{"{@yz“q)zz“q)xx+q)xy}%—+§:%l (3.14b)
+{¢H_¢n_%+¢ﬂ}a_{c§%:qii

for z direction ;

a{q>z+q>x—<1>y}
ox

.|,{q)xz -0, -0, +¢yz}f{i)z_+_:;_*__@y}

alo,+o, -0,

050y -0z +0.} 2 (3.14c)

o, -0, -0 +0,}

Thus, according to the differentiation rule, by assuming that the above equation is
equal to,

{(Dnory_q)x){y _(szz +q)xxz}{q)x +‘D)’ —¢Z}+{(DM _(Dy" —(Dxxy+(Dlw}{(Dx+ch _CDZ} (315)

+Ho, -0 -0, +0, Ho +o -0 ]
for all direction, so zero result will be observed. Then, because of (3.13), components
of equation (3.12) are redefined as T=2{@ +®,+0, |, A={0,+0,-0],
Ay ={@,+@, -} and A, ={®,+®, -0 }.
Equation (3.12) can be transformed further by taking x=InA,, y=InA,, z=InA,,

to give,

i L. i
ot OA, OA}

o A2 a2 T (3.16)

which becomes a linear parabolic equation with respect to A,, so that the initial value
problems of (3.16) will have generalised unique solution [29]. Hence, if T'(A;) is
held, then I'(A,) will admit general classical solution and have global regularity for
weak solution in 2 and strong solution in £” with the assumption of regular boundary
[97]. With this result, I"can be rewritten in terms of the potential function, @ as,
T=2{0, +®,+® 1= f(A)=F(®) (3.17)
and may be investigated by nonlinear analysis which depends on the solution of
I'(A,). However, it is interesting to note that trivial form of linear differential
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equations can be generated from (3.17). Transforming back f(A;) in their original

form (x,y,z,r) redefines (3.17) as,

l"=2{CI>xy+®xz+®yz}=q(x,y,z,t) (3.18)

Note that previous analysis shows that ¢(x,y,z) satisfies global regularity in (3.16)

and that equation (3.18) falls into the category of nonhomogenous linear hyperbolic

equations.

3.2.2 Theory of Solutions

This section is concentrated on the existence and uniqueness of the classical, weak
and strong solutions. The analysis is based on the maximum principle of the linear
parabolic equation in (3.16), which is implemented to determine I® norm estimate

and comparison principle, which will be applied in theorems 2 to 8 [97].

Theorem 2: Let A, >0 and bounded in Q, T eC* satisfy equation (3.16). Then,

sgpl“(Aj,t) < S;g’r+ (Aj,t)

Proof: Consider the existence of point (Ag,te) at 8@ such that,
F(Ag,to)zs;gﬂ“(Aj,t)> 0 (3.19a)

The maximum principle asserts the following condition,

ai(ig”_o)z 0, VI (A%)=0, T (aS,10) <0 (3.19b)
Then equation (3.16) will result in,

?_F%ﬂ+A§Vr(A3,r°)—uAiﬁzr(Ag,IO)2 0 (3.19%)
and (3.19a) is valid. Let g=¢” with g2 0 and geC?, substituting into (3.16) will
result in,

r=28_ps>0
ot

Then, for any constant &> 0,

L(T+eg)=IT+elg>0 (3.19d)
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According to the above equation and (3.19a), the following inequality is produced,
sgp[:F(Aj,t)+sg(Aj,t)] < s;:)p[l“ (Aj,t)+ ag(Aj, t)jL (3.19¢)

Let £ — 0, thus theorem 1 is proved.
Therefore, an additional result can also be concluded as below,

Theorem 3: Suppose that A; > 0 and bounded in ©, T|,T,eC* satisfles LT, <LT, in

Q with T,(A%,1°) <1, (AS,) at 6. Then Ty(A,1)<T,(A.t) in Q.

By theorem 2, the initial-boundary value F(A‘},to) can be chosen to ensure the a priori

bound for solutions of (3.17), theorem 3 also ensures that I'; =I', -T', <0. Hence the
existence and uniqueness of classical solutions for (3.16) are proved.

The I* theory of equation (3.16) can be stated in the following [97],

Theorem 4: For I'e I’(Q), the initial-boundary value problem of (3.16) admits at

most one weak solution.

Proof:

(Uniqueness). Let T, and T, be weak solutions of initial-boundary value problem
(3.16),if I3 =1, -T, e ;" (Q) and fulfill,
%3 9.+ AZGVT, ~bAZVT, -V8dOult = 3.20
H—a;—3+Aj9VF3—uAjVF3-V&det-O (3.20a)
QxT .

Choosing $=T; and the maximum principle reveals

ﬂ 66—1;33 + A2,V 5dQut = jj' LA’ lVl“srdet <0 (3.20b)
QxT QxT

Poincare inequality is then implemented to obtain

j j vAI}dQdr < 0 (3.20c)

QOxT

Therefore, I'; =0 and I'; =T, in Q which ensure the uniqueness of weak solutions.

(Existence). Considering,
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j [ ( F+A2FV1“) & dOdt = J’ J’ (ml [¥r] ) e dQdt, seQxT  (3.20d)

QxT QxT

The right hand side is equal to,

JjT (w\ﬁ. |?‘vr|2 ]e"“sdﬂdt = uw\ﬁ |€r|2 dQ]( ! e“”dt] +a H (uAﬁ. |§r|2 )e—mdgdt (3.20¢)

QxT

and (3.20d) will change as follows,

or . —s =2 ) - s
] (Enz\f—,rwje ddrz o | (uAi ¥ )e % 4t (3.20f)
QxT OQxT
Poincare inequality in the form,

H (UA?FZ )e‘“sdet <M H (UA‘;‘- |VFIQ ]e"”det
QxT o7

will take us to,

ﬂ (qu lvrl j ‘“deH—H oA2r2 e Ot < ”‘[ T+ AV - UA2|VT| ] & Qs

OxT OxT QOxT

(3.20g)

Therefore, there exist,

[y < ”( T+ ATV -0A] V] ] &= dudt (3.20h)

as weak solutions to the initial-boundary value problem of (3.16).
The existence and uniqueness of solutions with intermediate regularity is based on

the 77 theory as follows,

Theorem 5: For I'el?(Q), the inifial-boundary value problem of (3.16) admits a

unique strong solution T e W' (Q)nw)' (Q).

Proof: Multiplying both sides of equation (3.16) by 11“|”‘2 I and integrating over Q

and T as,
J'j o |r|P"2r+A2r|r|” *Vraoa= [foa2ir” IVTdd: (3.21a)
OxT QxT

Integrating by parts over spatial coordinate to yield,

dodi (3.21b)

L i Pl a2 ff iy aoar= 22 [

QXT QxT QxT

G|
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Multiplying by ¢** as in theorem 3, and by similar procedure the following result is

obtained,

2
dQdt

"V”(|r|%‘1 F]

(3.21¢)

1 ¢ o)’ 1 = 4(p-1)

||r|IW;,1(Q)3nW;,](Q)3 < ; J.J. 7dﬂdf+; jj AiVlrlp dﬂdt—T '”‘ UAJ-
QxT QxT OxT

Thus, suppose that I',,I’, e W' (Q)~W;'(Q) are strong solutions, and based on the

estimate of the maximum principle and Poincare inequality, the following is obtained,

ﬁ‘(};f;l) J' j vA? (|I‘|%~1 r}mdts 0 (3.21d)

QxT
Setting I';=1";~1, =0 then I', =I'; and uniqueness is also proved.
Equation (3.18) is easier to be analysed since ¢(x,y,z,) is proved to be bounded.

Here the existence and uniqueness of the regular solutions of (3.18) will be

demonstrated.

Theorem 6: Let q be bounded, the boundary value problem (3.18) admits a unique

classical solution.
The proof is similar that of theorem 2.

Theorem 7: For any qe’(Q) and bounded, the boundary value problem (3.18)

admits at most one solution.

Proof: Multiplying (3.18) by 9, then there exists a unique ® e #'(Q2) such that,

[Vo-Vsaa=fqsda, vseu'(a) (3.22)
Q Q

This shows the existence of the weak solutions of boundary value problem of (3.18).

Theorem 8: For any q<I7(Q), equation (3.18) admits a unique strong solution

O e WP (Q)AWHP (Q).
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Proof: The proof here is different than that of theorem 5 since it is guaranteed that

ge I (©) is bounded. Multiplying (3.18) by |@|” @ and the relation over Q is,

[lof? @7’ 0da = [4lof’ a0 (3.23a)
[9] Q

Integrating,

2

€(|cb|%“ cp}

p2

4p-) | 42 = [qlof’ a0 (3.23b)
Q 9] .

By Poincare inequality, Holder inequality and Young inequality, equation (3.23b) will

transform to,

4(p-1)
Mp2

[lof do < [ g0 ae
Q Q

= 7 (3.23¢)

< gI|<I>|p dQ+ s'l/(pﬁl)ﬂq]p dQ
Q Q

where C is constant in Poincare inequality and ¢ is constant in Young inequality, and

the above result leads to,
[@hy2r(0y = Mldll (g (3.23d)
Let @,@, eW*?(Q)nw"?(Q) and set ©;=d -, then the estimate (3.23d) will

ensure the uniqueness of strong solutions. This proves the theorem.
Hence, the initial-boundary value problem of (3.16) and (3.18) proves have

generalised unique solution. If T'(A;) is held, then T'(A;) will admit general classical

solution and will have global regularity for weak solution in Z? and strong solution in

IF with the assumption of regular boundary.
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Chapter 4
Contributions on the Exact Solutions to the Three-Dimensional

Incompressible Navier-Stokes Equations

In this section, the contribution to the exact solutions and their properties explained.
Unlike in chapter 3, the problems of existence, uniqueness and regularised solution
are explained more explicitly using the closed-form solution. This approach is
advantageous since the behavior of a mathematical system can easily be described by
simulations as well as by a qualitative well-posed problem that is given by exact
solution.

The Navier-Stokes equations together with the continuity, basically have many
classes of solution since they are nonlinear. The most trivial solutions are zero and
constants which have already extensively been explained with their consequences in
the previous section. In this chapter, more complex solutions are generated based on
the decomposition of the potential function @, coordinate transformation, time
relation and pressure gradient.

The subject is divided into four sections, the first is by utilising a four components
coordinate transformation and no decomposition in the potential function. The
formulation is applied either for zero, constant and variable pressure gradient. The
second section is by using a three components coordinate transformation with
decomposition of the potential function into two variables applied to zero and
constant pressure gradient. The third is by implementing two components coordinate
transformation with functional time. The potential function is decomposed into three
variables and the formulation is applied to variable pressure gradient. The vorticity
equations are implemented in the fourth section. In this case, the potential function is
also decomposed into three variables together with two components coordinate

transformation and functional time.

42



4.1  Analytical Solution with Four Components Coordinate
Transformation

The three-dimensional incompressible Navier Stokes equations is expanded in

Cartesian form from (3.1a) as,

2 2 2
At x-direction: KL B T A I (4.1a)
o x y &z px &yt o

At y-direction: UV W= —— P D D U (4.1b)

At z-direction: — UVt W—— = — +U—— DD (4.1¢)

The continuity equation is written as,

I (4.1d)
ox &y &z

The three velocity components are interlinked and coupled together such as the

velocity magnitude in vertical sum can be written as, ||I7|| = (u2 +v2 4w’ )V2

Consider a potential function @, so that its derivatives are the velocity
components which are expressed in vectorial form as,

V=VO+Vx® (4.22)
where V =<8/8x,3/dy,0/éz>. The spatial coordinates are transformed into a single
coordinate through the following transform function,

E=hx+ly+mz—ct (4.2b)
where &, /, m and ¢ are constants. The velocity components in equation (4.2a) can

be rewritten including the new coordinate. Then, substituting to the Navier-Stokes

equations and adding them all to give,

o o G ap 7D
YR W B = 43
AO ag?_ +B0 aé;Z 65 p 6§+D0V6§3 ( )

where 4,,B,C, and D, are constants. [f the pressure gradient term is dropped, and the
equation is integrated once, solution for a®/6¢ is obtained. By performing integration

once more, the expression for @ is produced with different constant coefficients as
[35],

4In(1+€% ) +C+D, (4.4)
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Thus, by implementing coordinate relation (4.2b) we arrive at explicit analytical
solution.

Now equation (4.3) is recalled back for pressure gradient case,

do  dos  Gor . &P
e Y S

and can be written with consideration of constant and variable pressure gradient.

Implementing O =28d/d¢ and taking Q—l;ﬁ = R will result in a shorter expression as,
(1]

2
RGO, D TR (4.52)
G Bpd B &

Integrating once will yield,

&
aé ZDov j de (4.5b)

Therefore, the problem falls into the class of Riccati equation. By applying

R=- , equation (4.5) will transform to second order linear equation,

az_Sz_(zDLV} s {Cojap 5] (4.6)

2gv g
b

og7 \ B ) 0% ok

The closed-form solution of (4.6) is obtained by decomposing to be a system of

differential equation of second and first order which will be extensively discussed in

4

the section 4.3. By transforming back to R and rearranging Q= R+B— , the solution
0

for Q is produced and so is for potential function. Therefore, an explicit analytical

solution is produced using equation (4.2a — b).

4.2  Analytical Solution with Three Components Coordinate
Transformation

In this section, three components coordinate transformation with decomposition of the
potential function into two variables are applied to zero and constant pressure

gradient.
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4.2.1 The Role of Potential Function

Consider a potential function @, so that the velocity components are the derivatives
of the function and can be expressed as ¥ =vd+Vx®, Therefore, the velocity

components are expressed as follows,

u= 2 2 00, DR R and w=2 4 22 (4.72)
Y

The spatial coordinates are transformed into a single coordinate through the following
transformation,

S=ly+mz—ct (4.7b)
The above transformation is similar to that given by Mohyuddin et. al. [26]. Velocity

components in equation (4.7a) can now be rewritten using the new coordinate,

@ W2 and w=22 1 (m-1)2 (4.8)
3¢ o8 ox o oE

The first step in the derivation is to rewrite the continuity equation in the new

u=%+(1—m) v={l+m)

notation. Using the velocity components in the new coordinate in equation (4.7b), the
continuity equation can be expressed in simpler form.
The potential function is assumed to take the following particular form, which will
satisfy the continuity and Navier-Stokes equations,
® =P(x,£)R(&) (4.9a)
Substituting equation (4.9a) into the continuity equation will give the following
expression, '
RP, + 4,RP,; + B,PR,, + 2D, P, R, =0 (4.9b)

where 4,,B, and D, are some constants due to the transformation coordinate.

Let P, =—4, P, , then the last two terms will produce the following equation,

R P,
—Ij—é = C2 —P{" = C3 s or Rff = C3Ré: (4.9C)
4

where C, and C, are constants. Therefore, the relation oP/aZ can be taken equal to

C,P, and the general solution for R can be written as [9§],
1
o(&)

where (&) is taken as a particular solution of R.

R=p(¢)], exp[ ) Czdf}df (4.9d)
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The second step in the derivation is to apply equation (4.7a) to velocity in the x-

direction in the Navier-Stokes equations,

220 *d (oo 2\ 82 &0 oo 20\ 5o .
N AR e R (S e )
+m(-82+(m—l)-a£)( F'o +(1_m)§5‘3}=

ax & )| oxdE a&?

3 3 3 3 2 3
U(ﬂ+(1—m)—q—?—}+ulz( oo +(l—m)a—q))+vm3( o +(1—m)@-J

a’ an2oE axdE? o> axaE? 8’

(4.10a)
It is noted that equation (4.10a) is performed by dropping the pressure gradient;
however, the case of constant pressure gradient will produce similar solutions to that
of a zero pressure gradient by employing the same methods. The potential function
(4.9a) is substituted in the above equation, and the equation can be rewritten as

follows,
Ao Py + by P P+ o Py P+dy Py +egPl+ fyP P+, P, +h PP +i,P=0  (4.10Db)
The next step is to repeat the procedure applied to the x-velocity equation, but this
time to the velocity in the y direction will yield the following,
a P A B PP AP P+dP, +ePl+ f;PP+gP, +hP+iP=0 4.11)
The same procédure is applied to the z velocity equation, giving,

@y P, +b,P P, +C; P, P+ dyPo +e,PE o+ [P P+ gy P + Pl +i,P=0 (4.12)

Thus equations (4.10b), (4.11) and (4.12) can be combined into a single equation,

@y Py A PP+ 3P P+ dy P ey PR + fiP P+ g3 P + PR +isP =0 (4.13)
It is noticed that a,,b,,¢;,d,.¢;, f;,g;,h and i, (where the subscript ; is the constant
index) are constants with respect to the x axis, but several are £ dependent aé they

are solution of continuity equation. Therefore the derivation above can be stated by

the following lemma.

Lemma 3: Let @ be a differentiable potential function that is defined as a product of

P(x,€) and R(£), and that relates the velocity vector as V =V +Vx® over x and ¢,

where £ is transformed coordinate defined in (4.7b). The potential function satisfies
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continuily equation with the condition that F, =-AF,., where A, is constani, and
reduces the Navier-Stokes equations in the following form
a5 P +b P Pt s P P+di P +e PR+ PP+, P+ PP +isP=0

where ay, by, c;,dy, 5, fy,and gy are constants with respect to the x axis.

4.2.2. Solutions for P

In this section, the solution of equations (4.13) is investigated starting with a
particular solution and then extending to more general solutions. It will be shown that
the determination of general solutions is related to the obtained particular solutions. It
is known that a particular class of the solution of nonlinear differential equations can
be obtained by several procedures [99 — 1017, so two examples of particular analytical
solutions of equation (4.13) will be obtained by different procedures. Integrating
equation {(4.13) once yields,

a P P+ b, P+ e, PP +d P v e, PPP+ f,P.P* +g, PP+ WP +iP + j,=0 (4.14a)

Introducing Q= P,, the equation above will then transform to,
a,Q ‘;—g+ b +c QP P+d, 0% +e, QP+ [,OP? + g,0P +h, PP +i P2+ j, =0 (4.14b)

Then, it is not difficult to verify that Q gives a trivial solution,
Q=P,=a;P+bs (4.14c)
This will produce a solution for P as follows,
P = g4’ + constant (4.14d)
For the other procedure, the function 0 =P, may be directly employed in equation
(4.13) to give,

23Q Q

a3Q26 g, 5,0t & Qp d3Q—Q—+e3Q + OP+ g Q+ PP +iP=0 (4.152)

Differentiating equation (4.15a) twice with respect to P will result in the following

equation,
a0 s0Y, (o0, 080 (Y. 0 20, _
(3P) 6P2+b3(5] H(BP] i [ ) thopt &y th =0 (4150)

Note that the differentiation procedure is valid based on the relation of integral and
differential equations [102]. Grouping and integrating twice with respect to P will

lead to the following expression,
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P =a,e"” +ce +e, (4.15¢)
Setting P=InG, equation (4.15¢) transforms to,

G b
C; =agG-1—E+e7 (4.15d)

Therefore, the solution of P can be obtained easily,

[)9:—6916} + constant (4.15¢)

Pzagln(

This is similar to the work of Nugroho et al. [103]. However, equation (4.15b) can
be performed by setting O, =N and Q_ = NénN/oQ, which will give a similar result as

equation (4.15e). Therefore, the solution procedures produce the following statement,

b9_c9]e ]+ constant are examples of

Corollary 2: P=a.® + constant and P=a, 111[

the exact solution of equation (4.13).

Following the method used in the potential function, the above solutions (4.14d) and
(4.15¢) will be considered as particular solutions of equation (4.13). Letting ¢/ be the
particular solution of (4.13) and # be the other solution will generate a more general
solution for (4.13) in the following form,

P=U+W (4.16)
Note that the situation is almost hopeless if the general solution is taken as a product
of two respective particular solutions i.e. P=UW . Therefore, based on (4.16),
equation (4.13) is decomposed by substitution into,

all +aW  +bU U +bU W +bUW_+bW W +cU UteU W+ UW _ +eW WrdU
+d W +eU’ +2e U W, +e W+ fLUU+ fLUW + fUW, + fWW +gU, +gW, + U+ 20 UW
+h W iU+ =0 '

(4.17)
Some of the terms above will vanish automatically since they satisfy equation (4.13).

Then, the only terms left are,
bU W +bUW +cUW+cUW_ +2eUW + fUW+ fUW +2hUW =0 (4.18)

X xx

The solutions can be found by linear operator analysis to be W, +r(x)W, +r, (x)W =0

since the function U is known. Therefore, equation (4.18) has a general solution as

follows [98],
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W= n(x)L 77(16)2 exp[—Lr1 (x)dx}dx (4.19)

where n(x) is a particular solution of (4.19) which is clearly dependent on U .

Therefore, according to the solution of continuity, a full solution in terms of the

potential function is,

1
(&)

By implementing the coordinate relation (4.7b) the explicit analytical solution is

©={U(x,&)+ W (xE)) {(p(é) L exp[ L ng}dé} +constant  (4.20)

obtained. Note that the solution for constant pressure gradient is similar to that for
zero pressure gradient because there will be a constant term in (4.10b), (4.11) and
(4.12), and can be expressed as the same polynomial in (4.13). It is interesting to note
that more general solutions to (4.13) can be found by substituting additional terms

which then resemble the following
P=U+W +....... : (4.21)

Therefore, the main theorem of this work can be constructed as follows

Theorem 9: Take V as a velocity vector that satisfies the continuity and the Navier-

Stokes equations over x and &, where the transformed coordinate ¢ is defined as
E=lv+mz—gt, where L,mand ¢ are constants. The velocity vector is proposed to be in

the form V =V +Vx®, where the potential function ® is defined as a product of

P(x,E)and R(£). If P satisfies the condition P, =-A4,P.., where A, is a constant, then
there exist U(x,&)and W(x.£) as particular solutions for equation (4.13) and ¢(£) as

a particular solution for equation (4.9c). They form the potential function as

d):{U(x,éf)+W(x,<f)+ ------ }{¢(§)L(p(;)2

exp“f Cidé }dg } + constant

4.2.3 Implementation of the Method

Two examples are shown in this section to illustrate the applicability of the Theorem.

By considering equation (4.9d), it is not hard to see that if C, is a particular solution

for R, then the general solution for R is C;exp(C;¢).
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The first example can be constructed directly by considering one of the particular

{)9_—6916] as P. The solution then becomes,

solutions in the corollary, 4, In[

©= {ag ]n[ b :Cglex ]}{Cs exp{Csé )} + constant (4.22)
e _

The second example comes from the function U =ae® in corollary which is a

particular solution for P. By rearranging equation (4.18) in more regular form, then

the following expressions are obtained,

_bU, +28U, + f;U U +2/U, +bU
R(x)= ) B(x)= (4.23)
bSUx bBUx

By substituting the particular solution U = a,e™" , it is clear thaty and r are constants.

Equation (4.18) then has the solution W = a,y¢™* which can also be the solution for P.

By induction, the other terms can also be generated. Therefore, the expression for the

potential function is as follows,

= {aéebé" +ageo +...... }{C5 exp(C;¢)} +constant (4.24)

Thus, by implementing ¥ =V +Vx® to (4.22) and (4.24), the explicit expression for
velocity vectors is produced as the solutions to the continuity and three-dimensional

~ Navier-Stokes equations.

4.3  Analytical Solution with Two Components Coordinate
Transformation

In this section, two components coordinate transformation with functional time is
implemented. The potential function is decomposed into three variables and the

formulation is applied to variable pressure gradient.

4.3.1 Method of the Solution

A transformed coordinate with a nontrivial relation with respect to time is applied,
E=kz—¢(¢) (4.25a)

where & is a constant. The coordinate transformation above implements the

functional form of time instead of linear relation as in section 4.2. Therefore, velocity

components in equation (4.7a) can now be rewritten using the new coordinate,
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D 0D 0 D 0D g 0D 5D 0D (4.25b)
ox o @ of & 05 & of & oy

A ety bl Sty et

The potential function is assumed to take the following particular form, which will

satisfy the continuity and Navier-Stokes equations,
©=P(x,y.E)R(¥)S(£) (4.26)

Therefore, the following theorem is produced from the problem statement above,

Theorem 10: Given 7V is a velocity vector that satisfies the continuity and the Navier-

Stokes equations over x,y and &, where the (ransformed coordinate £ is defined as

E=kz—¢ (1), where k is a constant. The velocity vector is proposed to be in the form

V=Vd+Vx®, where the potential function ® is defined as a product of

P(x,3.£), R(y)and S(&). If P satisfies the condition P, +P,, =-k"P.., then the Navier-

Stokes equations are reduced to the following equation including general pressure

gradient y,

3P + By P P+ P P+ dy Py + 0P + PP+ 3P, + P? + 5P = fiy5(x,1,€)

The continuity equation is also reduced to

R, +2h(y)R,~CsR=0 and Sy +Cyl, (£)S; +CyS =0

where C,;,C,, and Cy are constants and as, by, ¢y, dy, e5, f3, 85, by, hand jyare y and £
dependents. Let the condition bP P, +c,P P+ePl+f,PP+hP’ =0 be fulfilled
Therefore, there exist x(x) and A(x)as particular solutions of P(x,y,E) such that the

potential function can be written as,

O = {Z(x)jxi: Z(lx)z e_J.,,aédeeLaﬁde(x)j4y3dx}dx +A(x) L A(lx)2 exp[—j-xrl (x)dv]dx+ ....... }

{a (») L . (;)2 exp [—L 21, (y)dy}aﬁf} {[J’ (¢ )L 5 (15 )2 exp [—L Gy, (é’)déjiaf} -+ const

with a(y) and B(&)as particular solutions of R(y) and 5(&), respectively.

Proof of Theorem 10:
Substituting equation (4.26) into continuity equation will give the following
expression,

RSP, + RSP, + k’RSP,; + PSR, +2P,R S+ k*PRS;; +2kP;RS; =0 (4.27a)
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Let the condition 7, +P, =—k’P; be fullfilled, then dividing the above equation by

PRs and rearranging will produce,

R{*; 2 P;f; -{/ﬁ %‘M 2k %P—?J =G, (4.27b)
where Cy is constant. By taking the relations P,/P and P./P equalto /(y) and 4 (¢),
respectively, the following can be written,

R, +2L{y)R,—~CR=0 and Sy +Cyly (£)S; +C4§ =0 (4.27¢)

where C; and C, are constants. The general solution for R and s can be written as

[98],

R:a(y)jya

1 - exp[— [2 (y)dy}dy ,and § = B(£) Lﬁ—(lg)?exp[— J. o (g)dg]dg (4.27d)

where a(y) and pB(£) are taken as particular solutions of R(y) and S(¢),

respectively.

Lemma 4: Let @ be a differentiable potential function that is defined as a product of

P(x,1.£), R(y) andS(&) that relates the velocity vector as V =Vd+Vx® over x, y and
&, where & is a transformed coordinate defined in (4.25a). The potential function
satisfies continuity equation with the condition that P, +P, =-k’P.., where k is a

constant, and reduces the Navier-Stokes equations in the following form

o 03P P+ ey Py P+d P+l 24 f,P.P+gP.+ P +i,P= Jays (%, 0.&)

where ay, by, ¢;,dy, e3, £y, 23, by, isand j, are constants with respect to the x axis.

Proof of Lemma 4: The derivation is to apply equation (4.25a) and (4.25b) to

velocity in the x direction in the Navier-Stokes equations,

dg 0*m 8g6®+8gk52d) o o 3 52®+82(D+k62¢)
or 8édx ot OEy & BE? N v o N\ ax? xdy ok

2 2 2 2 2
+(a£+ &P aq:](a 0 acp}{kaqa 80 acp}( Fo 50 .80

P o)\ oy o aweE) \ o€ e & ydé 662] (4.28a)

dy ot ox ok & oy
oo Fo o0 Fo o, Po
=p|——F+ —k ) +0 _3 k 7
ot aty e xov: By xBE

2
+0 k28_¢)2+k2 & qnz ~k3a—q: +£y0(x,y:§)
xdE yoé o) p
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It is noted that the Navier-Stokes equations are written by performing the pressure

gradient as a functional in y,(x, y,£), where the subscript i is the index. The potential
function (4.26) is substituted in the above equation, and the equation can be rewritten
as follows,

APy + b PPy + o Po P+ dy P + @ Pf + fy PP+ g P, + yP? +1yP = joro(x,3,€)  (4.28b)
The next step is to repeat the procedure applied to the x velocity equation, but this
time to the velocity in the y direction, which will yield the following,

@\ Py + B P P+ PP+ d Py + @ PL + [P P+ g P+ P* +iiP = iy (x,,€) (4.29)

The same procedure is applied to the z velocity equation, giving,

Oy P + by P P+ P Pt dy P+ P+ LR P+ 8P+ PP + 5P = oy (x.3,6) - (4.30)

Thus, equations (4.28b), (4.29) and (4.30) can be combined into a single equation,

APy + B PP+ Py P+ diPy + P + fiPP+ gy P+ PP + 1P = iy (x,0,8)  (431)
It is noticed that «,,b,,¢,.d,,¢,, f;, 8 ,h ,i,and j, (where the subscript ; is the constant
index) are some constants with respect to the x axis, but y and ¢ dependent as they
are solution of continuity equation. This proves lemma 4.

It is known that a particular class of the solution of nonlinear differential equations
can be obtained by several procedures [99 — 101]. Let the nonlinear terms in (4.31)
satisfy the following condition,

byP P+ P P+e, PP + f,P P+ P =0 (4.32a)

Introducing Q = P,, the equation above will then transform to,

b0 L0 % P+ 0P+ 1P =0 (4.320)

Then, it is not hard to verify that ¢ gives a trivial solution,
Q=P =qP (4.32¢)
This can be substituted to the remaining terms of (4.31) to yield,
asP, +bs P, +csP = jyys (4.33a)
Therefore, a general solution for (4.33a) is obtained as,

1

(=)

P ()| e T [ b o) e (4.33b)
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where x(x) is a particular solution of (4.33a). The non homogenous term of (4.33b)

will make the explicit result is harder to be evaluated. The first and second derivatives

of P are in the following,

1 - aeax agdx 1 -} agdx agdx
b | A i B I (4330

1 - agdx agde ¥, | aedx agdx
Py =xxxj‘ [—ze J f e mhciX}dH—ie Je _[ ol XJavadx
o 2 * X * (4.33d)
X -~ agdx agdx a. ~| a.dx agdx | .
—?e L ‘ LQL ’ ZJ473dx“?69 L ’ LQL ’ XJsvsde+ Ju¥s

Note that the second and the third terms of (4.33d) are canceled. Substituting (4.33¢)
and (4.33d) into (4.33a) to produce,

(s Zax + D5t + CSZ)J. {”lz_e_jx%dxj ejxaédxxﬂh dx}d’c +(bs —ag )_l_e‘f,aﬁdx"‘ ejxaﬁdx)(jcﬂ’ad’“
X x x X x

+asja¥3 = 373

(4.33€)

The first three terms are vanish since y is a particular solution of (4.33a). Therefore,

by taking a; =b; and j, = 5 , then it is proved that the general solution (4.33b) satisfy
as

the corresponding second order differential equation (4.33a).

Following the method used in the R and S, the above solution (4.33b) will be
considered as a particular solution of equation (4.31). Letting U be the particular
solution of (4.31) and w be the other solution will generate a more general solution
for (4.31) in the following form,

P=U+W (4.34)
Therefore, based on (4.34), equation (4.31) is decomposed by substitution into,
al +aW +bU U +bU W +bUW_ +bW W +cUU+cUW+cUW_ +cW W+dU,
+d W, +eU+2eU W +eW?+ fLUU+ fUW + fUW, + f[WW+g U, + g W, +hU* +20UW
+h W+ iU+ iW = jy,
(4.35a)
Some terms above will vanish automatically since they satisfy (4.31), then, by
implementing the same procedure as before, the only terms left are,
aUW +bUW,_+cUW+dUW,_ +eUW +fUW+ LUV +gUW =0 (4.35b)
The solutions can be found by linear operator analysis to be W, +r (X)W, +5(x)W =0

since the function U is known.

54




Different from equation (4.33a), the closed form solution of (4.35b) is much more

difficult to obtain because it strongly depends on the functions » and r,. In this work,

the method to obtain the solution is proposed and developed by using additional

functions which can be calculated based on arbitrary function taken from 7.
Assuming that a particular solution of (4.35b) is written as. 4(x), substituting the
assumed solution into (4.35b) to produce,
A +r(x)4, +r(x)4=0 (4.36a)
Multiplying by a function A(x) and take another function #, (x? from (4.36a) such that
the equation above can be written as, |
A +{An—1) A +rd, +ArnA=0 (4.36b)
Equation (4.36b) is decomposed to a system of two differential equations,
Ad, +(Ar-r)A =-D and nA +AnA=D (4.36¢)
Solutions of the above equations are defined as, |

_Iﬂdx

e e R A & S

Note that the solutions of 4 in equation (4.36d) are equal,

(AT

Differentiating the above equation once yield,

— r-Bg p-B - ﬂsx e
—e K AdJ‘eL' Adx[g)dng_ﬁe Lrs J' L"s [B)dx (4.361)

Bnoon 3
[ n-as %D | :
By taking B= I (—de:f e’ (#de, then » and « form the relation
o x 1‘3

below,

Br =5 = () and e 2 () (4.36g)

r3 A £}

Equation (4.36g) will give the solutions for » and A as,

(4.36h)

55



Let o =# and equating the above solutions, the expression of » can be determined

as,
A2 4
d :
s =(—“’2 )e i L (4.36i)
A

where y is taken as an arbitrary function. Now equation (4.36f) is considered in B

form,

B L [ Ay [ Ay

-r,Be Jas =rB.e I 5 —ArBe I K (4.36j)

Therefore, D is also defined by solving (4.36)) as,

ir_z__r_s_,l]dx

D=-rexp L {eu B4

dx (4.36k)

By considering (4.36d), thus the particular solution of (4.35b) is obtained in closed

form. Therefore, equation (4.35b) has a general solution as follows [98],
1
W= A(x) L-;(—;)—Zexp[— [ (o (4.37)

It is interesting to note that more general solutions of (4.31) can be extended by
substituting additional terms which then resemble the following,

P=U+W+.... (4.38)

Therefore, according to the solution of continuity, a full solution in terms of the

potential function is,

CD""{I("’)L{ 1 _ Q"LaﬁdeeLaﬁdrﬁ(x)j3y3a&:|dx+ A(x)L 1x)2 exp[~jxq(x)dx]dx+ ....... }

A(

{a(y)jy - (1y)2 exp[—jy 2 (y)aﬂdy}{ﬁ(é) ] ﬁ(;)z eXp[— J,cm () }d§}+consf

(4.39)
This completes the proof of theorem 10.

Therefore, by using the relations (4.25a) and (4.25b), the exact solution for the

three-dimensional incompressible Navier-Stokes equations is obtained.
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4.3.2 Uniqueness and Regularised Solution

Note that equations (4.27¢), (4.33a) and (4.35b) are second order linear differential
equations, thus, by applying boundary and initial conditions, the uniqueness of the

solutions in I? and I* can be ensured [97].

Corollary 3: The boundary value problem of equations (4.27), (4.33a) and (4.35b)
satisfying the continuity and the incompressible three-dimensional Navier-Stokes

equations is unique.

The generality of ¢(¢) can cause the obtained solutions togdevelop singularity and

destroy uniqueness [7]. The boundary value problem (4.27c), (4.332) and (4.35b) then

become unstable and does not depend on Cauchy data aﬂymore. The expression

s(1)= -Tl_t can surely make the solution blows up at =7, where T is a constant that

depends on the initial condition. The derivative d¢/ét enters as a coefficient with
respect to x in (4.28a). If the particular solution of (4.31) is déscribed by exponential,
it depicts P« as ¢ - T . Hence, it needs some regularisation procedure.

The regularisation procedure that is proposed here cilepends on finding an
approximation expression for ¥. If ¥ in a blow up solution of the Navier-Stokes
equations as ¢ —» 7', then the modified regularised solution can be written as,

= [

V==
V-t 4

(4.40a)

where 4, is a very small number. Integrate (4.40a) with resqect to ¥, the expression

for the modified solution is written as follows,

I7—A3m(I7+A3)—_LM- P
VN V+A3

av = —’%V_*_dv (4.40b)
) IV*(V*—D-B_,,]f

: . 2BV, 7%
where B, is an arbitrary small number, M ==——+ B -2B; and N=| ——-[1-B]| .
V+ 4, V4 A,

The modified equation (4.40b) is finite as + - 7 and the rigﬂt hand side converges to

v with the controllable error, 4 1n(¥ + A3)+J._%(1_ I7A3A }dfi .
vV + Ay
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4.4  Analytical Solution to the Vorticity Equations

It is reasonable to investigate the Navier-Stokes equations in terms of vorticity
equations [29,41]. The second term of (4.2a) will contribute to the irrotationality of
the flows and may be related to the vorticity in the system or generated at the
boundary. Vorticity is a flow parameter which doesn’t propagate instantly, this is a

main reason of seeing vorticity as a fundamental quantity of fluid flows.

4.4.1 Exact Solutions

The velocity function in (4.2a) that satisfies the Navier-Stokes equations and the
velocity components in (4.25b) are recalled,
V =Vd+Vx®

b D | D o0 oD D oD D AP
+ 22 =
ax oy O By 9 o

The coordinate transformation in (4.25a) is also recalled,
E=kz—¢(1)
Taking curl operation to the Navier Stokes equations, the following vorticity

equations are obtained,

%—”:+17~6'5=5-617+u§7'25 (4.41a)

with @ =Vx¥ and o =<w,,0,,0, >. The vorticity components are distributed in three
dimensions, o, =o.(x.y,zt), o,=0,(xyzt) and o, =o,(x,yz¢). Note that the
pressure term in the Navier-Stokes equations is vanished by curl procedure. It is not

hard to see that vorticity components will satisfy,

o o LoD |, P D Po 00 o o
0, = - - +k Lo, =k - > —— + s
oxdy &y og?  oxdE T oyog et axt  oxoy

and

_ e g e | o'

o, = Bxaéj_ 7 o + oF (4.41b)

The potential function is assumed to take the following particular form, which will

satisfy the continuity and vorticity equations,
®="P(x,y,E)R(¥)S(£) (4.42)

Therefore, the following theorem is produced from the problem statement above,
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Theorem 11: Given V is a velocity vector that satisfies the continuity and the vorticity

equations over x,y and £, where the Iransformed coordinate ¢ is defined as
& =kz—¢(t), where k is a constant. The velocity vector is proposed to be in the form
V=V0+Vx®, where the potential function ® is defined as a product of
P(x,y.&), R(y)and S(&). Then there exist U(x,y,&)and W(x,y,éj) as particular
solutions for the reduced vorticity equation

+b5 P Pt P PP v &P P+ [P P+g:P, +i»3P +13,PP+13 =0

JCXXX

and R=e gl )dy}dj A )dv}fdy and S=e 11 HM&FEJ‘ e ﬂddc,,“as
general solutions for the reduced continuity equation
+(Ll4 (y)afy]R=C9 and S; +(Lts (g)df)S =Cp

They form a potential function as

O ={U (5,3,8) + W (5,9,£) +...) o) | Cgefy{(f,ﬂ(y)"yﬂ”y i

; (e }f@ ,[ (T

10€

where C, and C,, are constants and ay, by, c3,ds, ey, f3, 85, b5, and j, are constants

with respect to x axis. The potential function then generates:the velocity vector such

that there exists a siatic pressure p which fulfills the following Navier-Stokes

equations

.7 A N
ot ol

where p is a constant fluid density. The resulting velocity vector V and static
pressure p appear as the solutions of the continuity and the three-dimensional

incompressible Navier-Stokes equations.

Proof of theorem 11:
Substituting equation (4.42) into continuity equation will give the following
expression,

2 2 2 ;
RSP, +RSP,, + k" RSP, + PSR, +2P,R S+ k" PRSy +2k"PRS; =0 | (4.43)
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Lemma 5: Let P,R and S in (4.43) are separable, then R and S are becoming

solutions of the first order linear differential equations as,
R=e [ ]dyj‘c “( Hﬂ)dyandS e*[ dé]dfj { 5(6)5}16{5

where C, and Cy, are constants.

Proof: Dividing equation (4.43) by PRS and rearranging will produce the

following equation,

Py Py P Ry, PR S, _ PS
Dmy T gl T 50Ty a8 5 TEOE L EY 4.44a
PP P R PR S ps Th(E)=L(y)  (4442)

Taking, the first relation in the right hand side,

P
R, +2?J’Ry +l (Y)R=0 (4.44b)

P
Let (2—%} =1,(») then (4.44b) can be written as,
¥y

R, +K J y)afv) RL -0 (4.440)

Integrating the above equation once to yield the first order relation,
R, +( Lz4 ( y)aﬁz}R =G, (4.44d)
The next step is taking the second relation of (4.44a) as,

S5 4255, 415(2) $=0 (4.440)

. £)-1. ..
where (&) is taken as %(—yd‘%—ﬂ By the same procedure, the above equation is

reduced into,
+[ L I (§)d§jS =Cyp (4.441)
Therefore, the general solutions for R and § can be written as [98],

Reo ,,[ J iy ]d J. [ 5(3)4 y ]d &, and S=e¢ j[ RAGEH ]déjn C e K_[gls(ﬁ)dé‘ﬂdidg (4.449)

where C, and C,, are integration constants. This proves lemma 5.

Thus, R and S can be substituted to the potential function (4.42) to produce the

following statement,
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Lemma 6: Let © be a differentiable potential function that is defined as a product of
P(x,5,£), R(y) and ${£) that relates the velocity vector as V =Vd+V x® overx, y and
&, where £ is transformed coordinate defined in (4.25a). The potential function
satisfies continuity equation with the condition and reduces the Vorticity equations in
the following form

+b,P P +C;P P+dyP P P+ fyP P+ gsP +hPE+iP P+ jP. =0

a3 P, XxXx

where ay, by, c3,d5, e, f5, g3, by, i;and j; are constants with respect to the x axis.

Proof: Furthermore, the derivation is to apply equation (4.41b) into vorticity

equations in x component,

3 3 3 3 3 3 3 3
9% & &% aq>+£kzg_qn__g£kacp+(aq> oD kacp)(acp 6<I)_k20<13+k8®]

o axdyoE ot foE ot og of oxdg? \ax &y O \acddy axaP  oxdEr  onteE

(aqn B acpJ( o o, PD a%p)
+ B

X% x\ea & aor el

~ 3 3 3 3

+(k@+£_§¢,g] (DO B0 220 B0
& ax v )\ axdpoE o ok AE
4 4 4 4 4 4 4 4

o2 626132_ . ' +ka3q> LB e g 2o | do
o’y oxtoy XBEE WO

ey vroE?  axiyor

ol 22 oo e oo 44 a4cp+k3 o'
axoypEr  yoe? ol oxog?

(4.452)
The potential function (4.42) is substituted in the above equation, and the equation
can be rewritten as,
Ay Py + by Py P+ o P P+ dy Py + e P2+ fuP.P+ go P+ B PE +i,P =0 (4.45b)
The next step now is to repeat the procedure applied to the x component of the
vorticity equation, but this time to the vorticity in the y component, will yield the
following,
G Py A O P P+ P P+d P + P Py + fiPo P+ g P + M PE+ i P+ ji P+ L PP +mP=0
(4.46)
The same procedure is applied to the z component of the vorticity equation, giving,
P + 0P PP P+ dy P 4+, P P+ [P Pt gy P+ P+ PP+ joP + [, P  +m,P =0
(4.47)
Substituting equations (4.45b) and (4.46) into (4.47) to eliminate P* and P as
follows,
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Oy P + by Py P+ €3 P P+ 33 P + 03 PP+ [P P+ gsP + P2+ iR P+ j3P. = 0 (4.48)
It is noticed that a,,5,,¢,,d;.e., £, 8 b »iry j; I, and m. (where the subscript i is the
constant index) are some constants with respect to the x axis, but several are y and &

dependent as they are solution of continuity equation. This proves lemma 6.
Letting U be the known particular solution of (4.48) and w be the other solution
will generate a more general solution for (4.48) in the following form,
P=U+W (4.49)
Therefore, based on (4.49), equation (4.48) is decomposed by substitution into,
alU, . .+aW,  +bU U +bU W +bUW_ +bW W +cU U+cU W+ UW +e,W W

x'7 xxe

+d U  +d W, +eU U +elU W reUW, +eW W +fU U+ fUW+ UW + W W

+gU_+gW +hU:+2RUW +hW2+iUU+iUW +iUW +iWW +jU +jW =0
(4.50)
Some terms above will vanish automatically since they satisfy (4.48), then, the only

terms left are,
aW U W +bUW +bW W +eU Wt UW,  +eW W+dW,  +eU W +eU W,
+eW W, + fLUW + LUV, + W W+ g W, +hUl+ 20U W, + RWE+iU W + i, UW, +iW W
+iL, W =0
(4.51)

It is interesting to note that more general solutions to (4.48) can be found by
substituting additional terms which then resemble the following,

P=U+W+... (4.52)
Therefore, according to the solution of continuity, a full solution in terms of the

potential function is,

(4.53)
e_L“[“s'’5(‘:)@}}’g ,Lz CIOeL_KL_JS(,g)dngi d¢

By implementing the coordinate relation (4.25a) the exact solution is obtained.

Now the resulting velocity vectors can be produced by applying equation (4.2a).
Then, substituting the velocity vectors into the Navier-Stokes equations to obtain the
pressure. This completes the proof of theorem 11.

However, the pressure relation can also be applied to the modified Navier-Stokes

equations
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19— vv .97 ; (4.54)
p ‘

The other terms are dropped by the continuity equation. It can easily be noticed that
by substituting the known expressions of the previous result for velocity, equation
(4.54) becomes a linear partial differential equation and the pressure relation is also

solved by this procedure.

4.4.2 Implementation of the Theorem

One of the crucial problems in the theory of differential equations is finding and
studying classes of important equations that are integrable in closed form and, in
particular, possess explicit solutions. It is known that a particular class of the solution
of nonlinear differential equations can be obtained by several ;procedures. Introducing
Q= P, equation (4.48) will then transform to,

2 3 2
asg(aQJ e e (59) bsQ3aQ+c3QP( g) te,0’P aQ

20
+d3Q( QJ d3Q25 + 30P '_“+g3Q +f’3Q2+f3QP+j3Q=0 |

(4.55)
Considering the following polynomial Q and substitute into (;LSS),
Q=P =aP* +hP+cs | (4.562)
If the coefficients in (4.56a) are taken as arbitrary values, then the following system is
produced from (4.55),

=P =a P’ +bP+
O hmapirhibre (4.56b)
a6P +b6P +C6P2+d6P+ € =O
For more general solution, equation (4.49) is substituted into (4.48) and will
generate the relation below, |
W e+ B W+ W WV + 1 (X)W + W W+ [ TV 1y (%)W + WS+ W W (4.57a)
+r (x) W, =0 .

where k(x),k{x)and k(x)are clearly dependent on U. By applying the same
method, the corresponding equation is then,

W.,=mn (x) w2+ mn (x)W+ I (x)

g (x) W%+ (x) W + g (x) W2 -y (X)W + mg (x‘) =0 (4.57b)
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Lemma 7: Let equation (4.57b) be rearranged into a single polynomial differential

equation of fourth order,
W, =ny ()W + g (x)W° +my, (X)W + my (x) W
The above equation has a solution expressed as,

N

el i[nfo _%(”H_;%Hz e J( . Lnudx]ak

— €
2’79 12

H2

where H(x) is an arbitrary function. The term q(x) depends on ny(x),my(x),m, (x)
and nm,(x), which is defined as a solution of second order polynomial differential

equation.

Proof: Now equation (4.57b) is considered, by eliminating », (x), then a single
equation is produced,
W, =ng(x)W* + o (X)W + g (x)W2 + 1y (x) W (4.58a)
Let w = F(x)H(x), then (4.58a) will become,
HF, +H F =ny(x) H'F* + no (x) > F* + ) (x) H*F? 5y, (x) HF (4.58b)
Factoring the right side of (4.58b) as,
HF, + H.F ={F+ hl}{n9H4F3 +{moH =y H ) F? +(my H? = myg Hhy + n9H4h12)F}

+{[h] + hz]l:_n9H4h12 +(an3 +mH'h, )hl + ”1}2;{

)

Let the solution of (4.58¢) taken as F=-h(x)=h,(x)then the equation above

:|+[-nHH2 —moHhy —n9H4h§]h1}F (4.58¢)

becomes,
Hhy + H h, ={[n”H2 +moHh, +n9}f-[4h§:|h2 +{P1—;2—f£]hg}h2 (4.58d)

Take the first term on the right side as ,}* + noH’h, + nH*l5 = q(x), where g{x) is an

arbitrary function. Thus, the solution for #, can be generated easily as,
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Equation (4.58d) is rearranged to be,
by, =%h§' +(n12—%]h2 (4.581)
Let h, = h(x)s,(x), thus the above equation becomes,
iP5y P = %sfh}z +[n12 —%}sﬁg (4.58¢2)
The same procedure is applied and (4.58g) is factorised to be,

7y + 51h = {[hz +hy ][%Slzhz} +[(”12 —%]51 —%Slzm}ha} (4.58h)

Take the solution of (4.58h) as k4 =-h, and perform (nlz—]:;‘]slw%slzh4=52(x),

where s,(x) will be determined later. Equation (4.58h) thus becomes,

A, :[E&“—SL&JM (4.581)
8
It is not hard to see that the expression below,
5y H .
hy b =[nu -—x]i_ﬁszi (4.58j)
5 H Jgqs, gs

is solution of (4.58i). Let Iné :j i—zdx , then (4.58j) will transformed to second order
* 8

polynomial differential. Solving for s,(x) in (4.58j) will make A, is represented by

H(x), q(x) and sl(x) as,

1 - 1dx mydx
h=ge Jon L(-él-z-nnefx de (4.58K)

where H(x) and s (x) are arbitrary functions. Thus, #, is also defined as,

1 -~ mad nypdx
h=e L L(%nuej” ]aﬁ: (4.58])

Substituting back to (4.58e), the expression for ¢(x)can also be obtained as a solution

of second order polynomial differential equation. Therefore, the solution of w is,
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—mo t| K —4n| B _i}
thz(x)H(x)z 10 {10 ;9;9( 11 HZ] >=eFLnude

(% nlzeLnlzdx]dx (4.58m)

This proves lemma 7.

Lemma 7 is also applied for (4.56b), and the solution of P is obtained in a
functional series. It is interesting to note that higher order polynomial equations can
also be produced by the proposed procedure through factoring their polynomials and
integrating their terms as the keystones.

It is not hard to see that equation (4.55) also admits the condition, 0= P, =a,P+b,

and has a simple solution as,
poel® j b7e‘L“"’*abc (4.59)

Therefore, with lemma 7, the following statement is produced,

Theorem 12: (Uniqueness) The initial boundary value problem of (4.1), (4.2a) and

(4.25a) has unique point values.

Proof of theorem 12:

By applying the velocity vector (4.2a) and the reverse transformation (4.25a),
combining all parts of the potential function and substituting the initial boundary
values in the resulting potential function, the solution constants can be obtained. Note
that the resulting velocity vector must be the same for the corresponding potential
function from (4.581) and (4.59) to ensure uniqueness. By substituting arbitrary values
t*, y* and z* in the solution, a unique value for x* is found [104]. The process then
can be repeated by induction to find any other unique points. This completes the proof

of theorem 12.
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Chapter 5

Preliminary Validation Cases of the Analytical Solution

The analytical solution is validated at early stage and the validation cases are
presented in this chapter. Following the analysis in the previous chapter, the explicit
solutions in the proposed class of the respective potential function can vary. Thus, the
applicability of a particular function as a solution might be valid for only certain
cases. For example, if P, =a,e" +c,e™ +e, In (4.15¢) is considered, solution for P

will be,

x
b, —cie
X

P=a, ]n( . ]+const 3.1

which is then substituted into the potential function (4.9a).

If the case of decayed velocity of a nozzle exit is considered, then the velocity in x

direction parallel to the flow inlet can be approximated as u ~ tanh(x). Note that the

other terms in y and z axis are considered as constants as a consequence of the

boundary conditions if the described solution is to be at the centerline of the system.
The redecomposition of the potential function will also contribute to different
forms of explicit solutions. As obvious examples, equation (4.22) and (4.24) can be
arranged differently as other solutions from the Navier-Stokes equations by
implementing,
@ = P(&)R(x.2)

Applying the same procedure will lead to different solutions as follows,

o= {C5 exp(C3§)}{a9 m( by :c9ex ]} +constant (5.2)

and

®= {C5 exp(Csf)} { g™ + a4 } +constant (5.3)
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The first terms in (5.2) and (5.3) can also be replaced by trigonometric functions by
reexamining the solutions of continuity equations. In each validation case, different
types of solutions are chosen based on the systems considered in the case.

There is also an interesting aspect of the solution concerning the initial value

problems. The rich structure of the coordinate transformation of time ¢(r) allows the
investigation of several conditions. For example, by taking ¢(¢) =z, the solution will

not blow up as the constant « is positive value greater than zero. The other condition
s(?) =t—aT— , will also be smooth for « > 0 and 7> 0. For negative value of « , the first

case will blow up at ¢ =« , but in the second case, blow up can be at very short time
t =T . This, however, is more on the mathematical problems of the solutions and will

not be considered in the validations.

5.1 Laminar Flow Cases

The first validation case is the laminar free jet experiment of Symons and Labus
[105]. A jet is the flow generated by a continuous source of momentum. The

u,D

Reynolds number of a jet can be conveniently defined as Re= , where u, is jet

Vv

velocity, D is jet diameter and v is kinematic viscosity of the fluid. The prescribed
data is the normalised downstream velocity. Fig. 5.1 shows a comparison between
calculated centerline downstream velocity using the analytical solution and measured
velocity. As shown, the analytical solution could reproduce the decay of the measured
downstream velocity with longitudinal distance from the nozzle. In the figure, both
experimental data and analytical calculations are normalised. [t is observed that the
comparison for higher velocity (lower figure) is more accurate. It may be due to the
characteristic of the solution itself. Analytical solutions are obtained through the
simple coordinate transformation. By dimensional analysis, it is clear that
contributions of viscous terms are weakened for higher Reynolds number as described
below,

U L UNU =-vP+—v2U (5.4)
on Re

with Q=wt, n=0QfL, U=w/W and Re=WL/v.
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Figure 5.1: Decaying velocity along downstream direction produced by analytical solution (solid line)

and the experimental [105] data (points).
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More comparison of the velocity profile is shown in Fig. 5.2. The transverse
velocity is the one used for comparison here. The calculated values follow the same
trend as the measured ones with high accuracy. However, for sbme points far from
centerline there are slight deviations which can be attributed to the vortex formation

around the longitudinal axis immediately when the flow jets out of the nozzle exit.
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Figure 5.2: Gaussian velocity along transversal distance produced by analytical solution (solid line} and

the experimental [105] data (points).
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The other similar experiment used for validation is the lar;ninar free jet of Eappen
[106]. Fig. 5.3 shows a comparison of the velocity profile calculated using the
analytical solution predictions with the measured values. The inlet boundary condition
is based on parabolic velocity profile to match the experimental set up. Different from
the decay velocity, comparisons for transverse velocity profile show that calculation
for higher velocity (lower figure) is less accurate than the other. This might happen
due to the vortex formation of the flow as it leaves the nozzlie. The vortex formation
has a general tendency to produce and accumulate the eddie; along the longitudinal
direction. The process is happen through entrainment which draws the material

outside into the jet.
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Figure 5.3: Velocity profile in transverse coordinate performed by analytical solution (solid line) and

the experimental [106] data (points).
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5.2  Turbuient Flow Cases

The third validation case is a water jet of diameter D = 10 cn}1 and discharge velocity

10, 20 and 30 m/s [107]. Fig. 5.4 shows the measured radial profile of the normalised
time-mean axial velocity at transversal locations for the turbulent round jet. It is seen
that the streamwise velocity profile is similar to that of the la‘minar cases and can be

well approximated by a half-Gaussian distribution.
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Figure 5.4: Turbulent velocity profile along transversal direction produced ?by analytical solution (solid

line) and the experimental [107] data (points).

In Fig. 5.5, the calculated centerline velocity variation for the round turbulent jet is
plotted against the measured values. The experimental results show clearly the
existence of a potential core for about three diameters from the source, and the
predicted variation confirms the experimental observgltion well.  Previous
experimental and analytical transverse velocity [108,109] shows similar trends to the

case under discussion. In their work it could be seen that the transverse variation is
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similar, the data at different sections lie nicely onto one curve and can be well-

approximated by the Gaussian distribution.
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Figure 5.5: Turbulent decay velocity along downstream direction produced by analytical solution (solid

line) and the experimental data (points) [107]

[t is well known that turbulent flows are much more complicated than laminar
flows, and thus some naive prediction approaches will fail for turbulent flows even if
they were successful for simple laminar flows. Therefore, the anaiyﬁcal solution
needed to go through a second stage of validation against turbulent flow cases. The
first turbulent flow case chosen for this validation stage is a boundary layer in
atmospheric flow experiment of Farrel and Iyengar [110]. In their experiment, data
were produced in a 1.7 m wide, 1.8 m high and 16 m long test seétion of the St.
Anthony Falls Laboratory tunnel. The experimental technique was based on the use of
quarter-elliptic, constant-wedge angle spires with height of 1.2 m aﬁd a castellated
barrier wall to produce the necessary initial momentum defect in the t:)oundary layer,

followed by a fetch of roughness elements representative of the? terrain under
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consideration. Fig. 5.6 gives a comparison of the calculated boundary layer velocity
profile produced by the analytical solution and the measured profile from the
experiment. The analytical results are in good agreement with the experimental data.
Note that analytical solution described here is similar to the famous Blasius solution
for boundary layer flows. Blasius solution for rectangular coordinate follows,

2f"+ =0 (5.5)
where all parameters above are non dimensional. Equation (5.5) is a class of quasi
linear differential equation and similar to (4.13) for in its asymptotic limit and its
solutions resemble previous solutions, thus it is not surprising that analytical solutions

performed here can describe boundary layer flows.

140 : 1 T 1

120

100

Q0
flam)
T

(A
e
T

Vertical Coordinate

LS
o
T

20

.' = = - 1 T L E—— B "
o 0.2 04 06 0.8 1
Normalised U

Figure 5.6. Trend of boundary layer velocity profile produced by analytical solution (solid line) and

measured [110] values (points).
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5.3 Combustion Case

The next challenging case used for validation in this stage is the recently published
combustion experiment due to Cuoci et al. [111]. The fuel is fed in a central tube (3.2
mm internal diameter and 1.6 mm wall thickness), centered ina 15 cm x 15 cm square
test section, 1m long, with flat Pyrex windows on the four sides. The fuel molar
composition is 39.7% CO, 29.9 H,, 29.7 N; and 0.70 CHs. Ammonia was added in
different amounts up to 1.64%; in the absence of ammonia, methane was not included
in the fuel mixture. The average fuel flow velocity was 54.6 m/s with a resulting
Reynolds number of ~8500; the inlet flow air velocity was 2.4 m/s. The inlet
temperature of both streams is ~300K. Several radial profiles of velocity, temperature
and species concentrations are available at different distances from the fuel inlet.

As shown in fig. 5.7, the analytical solution could reproduce the velocity change
throughout the axial line with good agreement with the measured values. Detailed
analysis for this case needs other equations (energy, species and thermodynamic state)
to be solved simultaneously in order to describe turbulent-reaction interactions
properly. This is of course a very challenging task and less tractable by considering
that full mathematical theory for the Navier-Stokes equations is not yet complete.
However, the comparison here is to show the potential of the simple analytical

solution to tackle complex cases.
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Figure 5.7: Measured mean axial velocity along flame centre line (points) [111] against the analytical

solution (solid line)

5.4  Numerical Case

The next complex case is a comparison of the analytical solution against a numerical
work in plane channel flow of Lammers et al. [112]. The numerical investigation
presented here is using lattice boltzmann kinetic scheme, which discretise Boltzmann
equation and then sum particles up to the hydrodynamics limits. Similar to the
previous experimental cases, the analytical solution is found able to follow the non
dimensional mean velocity profile. As shown in fig. 5.8, the deviation is obviously
found in the generating zone which might be due to the raising of the reaction back
the small scales to the more big ones. The result is also depicting the great potentiality

of the analytical solution in tackling complex cases.
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Chapter 6

Conclusions and Future Work

6.1 Main Conclusions

As a concluding remark, it is proved that the boundary value problems admit trivial
solution only with special condition of zero rate of energy in the whole domain. The
analyticity of the solutions can also be used to investigate the property of sharing
regions which states that the solutions tend to be a constant value. A violation to this
condition is observed to become a possible source of turbulence. Therefore, if
turbulence is produced by generation of energy following the problem ihvestigated
here, it is reasonable to conclude that turbulent solutions may come from the
boundary value problems of the Navier-Stokes equations as was stated previously in
[92] as well.

It is concluded that the classes of solution V=Vx® and V=V®+Vx®d will
transform the Navier-Stokes equations into the class of linear elliptic differential
equations when analysis is conducted in vorticity form. An analysis of linear
differential equations can be utilised to show that the solutions exist for at least
FeLZ(]RB) and FeHi(IR3) in (0,7) which imply ®eir’ (Ra) to ensure the
regularity. Moreover, the uniqueness problem is also solved. Therefore, based on the
condition discussed in [41], the class of the above solutions will also satisfy the
Navier-Stokes equations. It is also important to mention here that the situation in
V=V®+Vxd is weaker than in ¥ =vx® since it needs further assumption to become
(3.13).

Analytical solutions of the three-dimensional incompressible Navier-Stokes
equations are introduced in this thesis. First solution is derived using a four coordinate
transformation without decomposition of potential function. The problem was reduced

to the class of Riccati equation and had a well defined solution.
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Second solution is derived using a potential function and a transformed coordinate in

the form @=P(x,&)R(£). Since the explicit solution for R is obtained through the

continuity equation, the potential function is then substituted into the Navier Stokes
equations to reduce it to a class of nonlinear ordinary differential equations. Two
different particular analytical solutions of P could be derived. The solutions for P for
a zero pressure gradient case and for a constant pressure gradient case are found to be
‘mathematically similar. The solution could be extended to a more general one based
on the given particular solutions.

Third solution was obtained using similar procedure applied to a more general

decomposition of potential function ®=P(x,y,£)R(»)S(¢) in the Navier-Stokes and

vorticity equations. The explicit solutions for R and § are obtained through the
continuity equation. The potential function is then substituted into the Navier-Stokes
equations to reduce it to a class of nonlinear ordinary differential equation in term of
P, where the pressure term is represented as a general functional form. General
solution for P is derived based on the known particular solution by using the novel
method for finding closed-form solutions of linear differential equations. The solution
was regularised and proved to be unique.

Fourth solution was obtained using the vorticity equations where the

decomposition of potential function ® = P(x,y,£)R(y)S(£) was also implemented. The

problem then reduced to the polynomial equations which were solved by the novel
method. The pressure relation was solved by applying the velocity vector into the
Navier-Stokes equations to complete the solutions. The solution was also proved to be
unique.

As for the coordinate transformation, selection of variables in the potential
function can be interchanged from the beginning. Instead of using the coordinate

relation (2b) and potential function (4a), the following expréssion can be used,

CD:P(y,f)_R((j), E=lx+mz—ct, E=l+mx—gt Or CD:P(Z,é)R(f), E=lx+my—ct,

E=ly+mx—gt (6.1)
and
@ =P(&,3,2)R(¥)S(2), E=ke—g(t) or @=P(x,£,2)R(£)S(2), £ =ky—¢(i) (6.2)
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In particular, it is reasonable that other classes of nontrivial exact solutions may still
be developed from the original Navier-Stokes equations by more complex procedures,

to shed more light on the properties of the exact solutions [10]. The generality of ¢(¥)

will make the obtained solutions open for further investigations.

The basic analytical framework for turbulent free jets, boundary layer, channel
flow and combustion has also been presented. The governing equations based on the
exact solutions to the incompressible Navier-Stokes equations are developed. It gives
hindsight that turbulence closure can be achieved cither by modeling and exact
solutions. Although there are different characteristic properties of flows, the
predictions are shown to be in excellent agreement with experimental and numerical
data. [n fact, based on this physical insight, most of the characteristic properties could
have been deduced by a priori reasoning alone within general equations of fluid

dynamics.

6.2 Future Work

The contributions of analytical methods to fluid dynamics research are impressive.
Most of prior analysis and development are largely based on simplified equations
such as two dimensional Navier-Stokes equations or linear advection and diffusion
equations. The progress in nonlinear analysis has contributed a new trend in
mathematics and physics. Unfortunately, this field is not famous research area and it
should be brought together from diverse disciplines and with diverse viewpoints and
new ideas can therefore be tested in a better way. For example, it is not clear whether
exact solutions will alone be able to explain the formation of singularity in the Euler
and Navier-Stokes equations. However, the future of research in deriving exact
solutions of fluid dynamics equations appears to be promising. The greatest strength
of exact solution is the simplicity of the function which then allows rapid calculations
to the flow under studies. Exploiting this strength and using it to examine turbulent
flows such as those discussed in chapter 5 appeared to be efficient in describing the
flows. The diverse areas in the turbulent flows ie. flow control, high-speed
compressible flows, aeroelastic and reacting flows will likely see significant progress
in the next future. The fast current progress in computer hardware will also give the

additional stimulus to the need for exact solutions in order to test highly efficient
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numerical codes. Exact solutions can be used to improve statistical samples, and to

consider a wide range of other physical parameters.

Hence, the future research of the exact solutions to the Navier-Stokes equations

should be put in the following purpose,

&

(ii)

(iii)

To regularise the Navier-Stokes equations, in the sense that the method
should transform the Navier-Stokes equations from nonintegrable into
integrable class and to show the singularity character which is possible in
the equations, at least for incompressible cases.

To expand the analysis to the universal properties of turbulence known to
experiments. Universal structure is connected to the small scale which
contains the significant dynamics of turbulent flows. The analysis should
interpret the Kolmogorov theory and related to the solutions of the Navier-
Stokes equations. |

To use the analytical solutions as a base to help evaluating the numerical
codes. They should also be used to improve/explain the numerical schemes
and relate them with other parameters such as pertqrbation and asymptotic

analysis.

As the flow geometries become more complex, the analytical methods used in

fluid dynamics research will have to evolve more. Engineers of computational fluid

dynamics have much experience with complex geometries, and much can be learned

about techniques from them. However, the significantly high(%r accuracy required by

exact solutions must be kept in mind. Nonlinear methods of analysis and development

are likely to prove very productive but still have to be developed more to reveal the

secret of the Navier-Stokes equations.

83




[1]

[5]

[6]

[7]

[10]

References

Pope S.B., Ten Questions Concerning the Large-Eddy Simulation of Turbulent
Flows, New Journal of Physics 6, 2004, 35.

Kerstein A.R., Turbulence in Combustion Processes: Modeling Challenges.
Proceeding of the Combustion Institute, Vol. 29, 2002, pp. 1763 — 1773

Kalita I.C., Dass A.K., Nidhi N., An Efficient Transient Navier-Stokes Solver
on Compact Nonuniform Space Grids, Journal of Computational and Applied
Mathematics 214, 2008, pp. 124 — 162.

He Y. and Wang A., A Simplified Two-Level Method for the Steady Navier-
Stokes Equations, Comput. Methods Appl. Mech. Engrg. 197, 2008, pp. 1568
— 1576.

Wilcox D.C., Turbulence Modeling for CFD, DCW Industries, La Canada,
California, 1994.

Gibbon J.D., Moore D.R. and Stuart J.D., Exact, Infinite Energy, Blow up
Solutions of the Three-Dimensional Euler Equations. Nonfinearity 16, 2003,
pp. 1823 — 1931, '

Constantin P., Gallavoti G., Kazhikov A.V., Meyer Y. and Ukai S,
Mathematical Foundation of Turbulemt Viscous Flows. Springer-Verlag,
Berlin, Heidelberg, 2003.

Ladyzhenskaya O.A., Mathematical Theory of Viscous Incompressible Flow,
Revised Second Edition. Gordon and Breach, Science Publishers Inc., New
York, USA, 1987.

Gala S., A Note on the Uniqueness of Mild Solutions to the Navier-Stokes
Equations, Arch . Math. 88,2007, pp. 448 — 454.

Popovych R., On Lie Reduction of the Navier-Stokes Equations, Nonlinear
Mathematical Physics, Vol. 2, No. 3 — 4, 1995, pp. 301 —311.

84




[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[20]

[21]

[22]

Galanti B., Gibbon J.D. and Heritage M., Vorticity Alignment Results for the
Three-Dimensional Euler and Navier-Stokes Equations, Nownlinearity 10,
1997, pp. 1675 — 1694.

Galaktionov V.A., Five Types of Blow-Up in a Semilinear Fourth-Order
Reaction-Diffusion Equation: An Analytic-Numerical Approach, Nonlinearity
22,2009, pp. 1695 — 1741.

Kao S.K., An Analytical Solution for Three-Dimensional Stationary Flows in
the Atmospheric Boundary Layer over Terrain, Journal of Applied
Meteorology, Vol. 20, 1980.

Zhou Y., On a Regularity Criterion in Terms of the Gradient Pressure for the
Navier-Stokes Equations in RY, Z angew. Math. Phys. 57, 2006, pp. 384 —
392.

Ohkitani K., A Survey on a Class of Exact Solutions of the Navier-Stokes
Equations and a Model for Turbulence, Publ. RIMS, Kyoto Univ., 40, 2004,
pp. 1267 — 1290.

Lyberg M.D. and Tryggeson H., An Analytical Solution of the Navier-Stokes
Equations for Internal Flows, J Phys.A: Math. Theor. 40, No. 24, 2007, pp.
465 —471.

Wang C.Y., Exact Solutions of the Unsteady Navier-Stokes Equations, Appl.
Mech. Rev. 42, 1989, pp. 269 — 282.

Wang C.Y., Exact Solutions of the Steady Navier-Stokes Equations, Annu.
Rev. Fluid. Mech. 23,1991, pp. 159 — 177.

Okamoto H., Exact Solutions of the Navier-Stokes Equations via Leray’s
Scheme, Japan J. Indust. Appl. Math. 14, 1997, pp. 169 — 197.

Fox R.W., Pritchard P.J. and McDonald A.L., Introduction to Fluid
Mechanics 7" edition, John Wiley & Sons (Asia), 2010.

Shapiro A., The Use of an Exact Solution of the Navier-Stokes Equations in a
Validation Test of a Three-Dimensional Nonhydrostatic Numerical Model,
Monthly Weather Review, Vol. 121, 1993,

Christianto V. and Smarandache F., An Exact Mapping from Navier-Stokes
Equation to Schrodinger Equation via Riccati Equation, Progress in Physics,
Vol. 1, 2008.

85




[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

Kamran F., Zu-Chi C., Xiaoda j., Cheng Y., Similarity Reduction of a (3+1)
Navier-Stokes System, Engineering Computations: International Journal for
Computer-Aided Engineering and Software, Vol. 23, No. 6, 2006, pp. 632 —
643,

Meleshko S.V., A Particular Class of Partially Invariant Solutions of the
Navier-Stokes Equations, Nonlinear Dynamics 36, 2004, pp. 47 — 68.

Thailert K., One Class of Regular Partially Invariant Solutions of the Navier-
Stokes Equations, Nonlinear Dynamics, 2005.

Mohyuddin M.R., Siddiqui A.M., Hayat T., Siddiqui J. and Asghar S., Exact
Solutions of Time-Dependent Navier-Stokes Equations by Hodograph-
Legendre Transformation Method, Tamsui Oxford of Mathematical Sciences
24 (3), 2008, pp. 257 — 268.

Sidorov A. F., On Two Classes of Solutions of Fluid and Gas Dynamics
Equations and their Connection with Theory of Travelling
Waves, Journal of Applied Mechanics and Technical Physics 30 (2), 1989, pp.

34— 40.

Rajagopal K. R., A class of exact solutions to the Navier—Stokes equations,
International Journal of Engineering and Science 22 (4), 1984, pp. 451 — 458.
Kozono H. & Yatsu N., Extension Criterion via Two-Components of
Vorticity on Strong Solutions to the 3 D Navier-Stokes Equations, Math. Z.
246, 2004, pp. 55 — 68.
Chorin A., Vorticity and Turbulence, Springer-Verlag, New York, Inc, 1994.
Majda A.J. and Bertozzi A.L., Vorticity and Incompressible Flow, Cambridge
University Press, New York, USA, 2002.
Sheng Zhang, Exact Solutions of a KdV Equation with Variable Coefficients
via Exp-Function Method, Nonlinear Dynamics 52, 2008, pp. 11 - 17.
Werner M.J. and Friberg S.R., Phase Transitions and the Internal Noise
Structure of Nonlinear Schrodinger Equation Solitons, Physical Review
Letters, Vol. 79, No. 21, 1997.
Zola R.S., Dias J.C., Lenzi E.K., Evangelista L.R., Lenzi M.K. and da Silva
L.R., Exact Solutions for a Forced Burger Equation with a Linear External
Force, Physica A: Statistical Mechanics and its Applications, Vol. 387, Issue
12, 2008.

86




[33]

[36]

[39]

[40]

[41]

[43]

[44]

[49]

Debnath L., Nonlinear Partial Differential Equations for Scientists and
Engineers, Birkhauser, Boston, 1997.
Huebsch W.W. and Rothmayer A.P., Small-Scale Roughness Effects on
Laminar Separation, Theoret. Comput. Fluid Dynamics 17, 2003, pp. 97 — 112.
Wang C.Y., Stagnation Flows with Slip: Exact Solutions of the Navier-Stokes
Equations, Z. angew. Math. Phys 54,2003, pp. 184 — 189,
Nugroho G., Ali AM.S., and Abdul Karim Z.A., On a Special Class of
Analytical Solutions to the Three-Dimensional Incompressible Naviet-Stokes
Equations, Applied Mathematics Letters 22, Elsevier, 2009, pp. 1639 — 1644.
Huebsch W.W. and Rothmayer A.P., Small-Scale Roughness Effects on
Laminar Separation, Theoret. Comput. Fluid Dynamics 17, 2003, pp. 97 — 112.
Bujurke N.M. and Achar P.K., A Semi-Analytic Approach to the Viscous
Flow Between a Rotating and a Stationary Disk, Fluid Dynamics Research,
Vol. 10, Issue 2, 1992, pp. 91 —99.
Chae D. & Choe H., Regularity of Solutions to the Navier-Stokes Equations,
Electronic Journal of Differential Equations, No. 05, 1999, pp. 1 —17.
Kaszeta R.W. and Simon T.W., Measurement of Eddy Diffusivity of
Momentum in Film Cooling Flows with Streamwise Injection, Journal of
Turbomachinery, Vol. 122, 2000.
Le Song G. and Prudhomme M., Prediction of Coherent Vortices in an
Impinging Jet with Unsteady Averaging and a Simple Turbulence Model,
International Journal of Heat and Fluid Flow 23,2007, pp. 1125 — 1135.
Oosthuizen P.H. and Naylor D., 4n Introduction to Convective Heat Transfer
Analysis, McGraw-Hill Inc, Singapore, 1999.
Lumley J.L. and Yaglom A.M., A Century of Turbulence, Flow, Turbulence
and Combustion 66, 2001, pp. 241 — 286.
Barenblatt G.I. and Chorin A.J., Turbulence: An Old Challenge and New
Perspectives, Meccanica 33, 1998, pp. 445 — 468.
Felten F. Fautrelle Y. Du Terrail Y. and Metais O., Numerical Modeling of
Electromagnetically-Driven Turbulent Flows Using LES Methods, Applied
Mathematical Modelling, Vol.28, Issue 1, 2004, pp. 15 -27.
Eckhardt B., Turbulence Transition in Pipe Flow: Some Open Questions,
Nonlinearity 21, 2008, T1 —T11.

87




[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

Doom J., Hou Y. and Mahesh K., A Numerical Method for DNS/LES of
Turbulent Reacting Flows, Journal of Computational Physics 226, 2007, pp.
1136 — 1151.
Shelukhin V., A Variational Principle for the Nonstationary Linear Navier-
Stokes Equations, Manuscripta Math. 78, 1993, pp. 335 — 346.
Coussirat M., Beeck J.V., Mestres M., Egusguiza E., Buchlin J.M. and Escaler
X., Computational Fluid Dynamics Modeling of Impinging Gas-Jet Systems:
[. Assessment of Eddy Viscosity Models, Journal of Fluids Engineering, Vol.
127, 2005.
McComb W.D., The Physics of Fluid Turbulence, Oxford University Press,
New York, USA, 1992.
Moin P. and Mahesh K., Direct Numerical Simulation: A Tool in Turbulence
Research, Annu. Rev. Fluid Mech., 1998, 30, pp. 539 — 78.
Gkioulekas E. and Tung K.K., On the Double Cascades of Energy and
Enstrophy in Two-Dimensional Turbulence. Part 2. Approach to the KLB
Limit and Interpretation of Experimental Evidence, Discrefe and Continuous
Dynamical Systems-Series B, Vol. 5, No. 1, 2005, pp. 103 — 124.
Ruzmaikina A. and Zoran G., On Depletion of the Vortex-Stretching Term in
the 3D Navier-Stokes Equations, Commun. Math. Phys. 247, 2001, pp. 601 —
611.
Da Veiga H.B., Developable Surfaces as Generators of the “Isobaric
Solutions” to the Euler Equations, Journal of Mathematical Fluid Mechanics
6, 2004, pp. 430 — 438.
Lesicur M., Turbulence in Fluids Third Revised and Enlarged Edition, Kluwer
Academic Publisher, Dodrecht, The Netherlands, 1997.
Kee R.J., Coltrin M.E. and Glarborg P., Chemically Reacting Flow: Theory
and Practice, John Wiley & Sons Inc., Hoboken, New Jersey, 2003.
Yamamoto T. Suga T., Nakamura K. and Mori N., The Gas Penetration
Through Viscoelastic Fluids with Shear Thinning Viscosity in a Tube, Journal
of Fluids Engineering, Vol. 126, 2004.
Guermond J.L., Oden J.T. and Prudhomme S., Mathematical Perspectives on
Large Eddy Simulation Models for Turbulent Flows, Journal of Mathematical
Fluid Mechanics 6, 2004, pp. 194 — 248.

88




[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

Tanahashi M., Kang S.J., Miyamoto T., Shiokawa S. and Miyauchi T., Scaling
Law of Fine Scale Eddies in Turbulent Channel Flows Up to Re, = 800,
International Journal of Heat and Fluid Flow 25, 2004, pp. 331 — 340.
Mazumder S., On the Convergence of Higher Order Upwind Differencing
Schemes for Tridiagonal I[terative Solution of the Advection-Diffusion
Equation, Journal of Fluids Engineering, Vol. 128, 2006.

Tucker P.G. and Liu Y., Turbulence Modeling for Flows Around Convex
Features Giving Rapid Eddy Distortion, International Journal of Heat and
Fluid Flow 28, 2007, pp. 1073 - 1091,

Nazarenko S. and Laval J.P., Non-Local Two-Dimensional Turbulence and
Batchelor’s Regime for Passive Scalars, J. Fluid Mech., Vol. 408, 20006, pp.
301 -321.

Heinz S., Unified Turbulence Models for LES and RANS, FDF and PDF
Simulations, Theor. Comput. Fluid Dyn. 21, 2007, pp. 99 - 118.

Cal R.B., Wang X. and Castillo L., Transpired Turbulent Boundary Layers
Subject to Forced Convection and External Pressure Gradients, Journal of
Heat Transfer, Vol. 127, 2005.

Peterson J.E. and Hotton K.D., Numerical Analysis of Turbulent Cross
Stresses and Pressure in the Developing Region of an Axisymmetric Jet, Int.
Comm. Heat Mass Transfer, Vol. 22, No. 6, 1995, pp. 871 — 883.

Reynier P. and Minh H.H., Numerical Prediction of Unsteady Compressible
Turbulent Coaxial Jets, Computers & Fluids, Vol. 27, No. 2, 1998, pp. 239 —
254.

Cheban D. and Duan J., Almost Periodic Solutions and Global Attractors of
Non-Autonomous Navier-Stokes Equations, Journal of Dynamics and
Differential Equations, Vol. 16, No. 1, 2004.

Suluksna K. and Juntasaro E., Assessment of Intermittency Transport
Equations for Modeling Transition in Boundary Layers Subjected to
Freestream Turbulence, International Journal of Heat and Fluid Flow 29,
2008, pp. 48 - 61.

Kawahara G., Jimenez J., Uhlmann M. and Pinelli A., The Instability of
Streaks in Near-Wall Turbulence, Center for Turbulence Research, Annual

Research Briefs, 1998.
89




[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

(82]

[83]

[84]

[85]

Catillo V.M. and Hoover Wm. G., Entropy Production and Lyapunov
Instability at the Onset of Turbulent Convection, Physical Review E, Vol. 58,
No. 6, 1998.

Garcia L., Zaslavsky G.M., Carreras B.A., Lynch V.E. and Edelman M.,
Topological Instability in Plasma Turbulence Model, 32 EPS Conference on
Plasma Phys., Tarragona, 27 June — 1 July 2005 ECA Vol. 29C, P-4.116 2005.
Alexakis A., Young Y. and Rosner R., Shear Instability of Fluid Interfaces:
Stability Analysis, Physical Review E, Vol. 65, 2002.

Young Y. and Riecke H., Mean Flow in Hexagonal Convection: Stability and
Nonlinear Dynamics, Physica D 163, 2002, pp. 166 — 183.

Tabor M., Chaos and Integrability in Nonlinear Dynamics: An Introduction,
John Wiley & Sons, New York, USA,1988.

Gibbon J.D. and Doering C.R., Intermittency and Regularity Issues in 3D
Navier-Stokes Turbulence, Arch. Rational Mech. Anal. 177, 2005, pp. 115 —
150.

Gibbon I.D., Bustamante M. and Kerr R.M., The Three-Dimensional Euler
Equations: Singular or Non-Singular ?, Nonlinearity 21,2008, T123 — T129.
Hoffman J. and Johnson C., Blow Up of Incompressible Euler Solutions, BIT
Numerical Mathematics 46, 2006. |

Galanti B., Gibbon J.D. and Heritage M., Vorticity Alignment Results for the
Three-Dimensional Euler and Navier-Stokes Equations, Nornlinearity 10,
1997, pp. 1675 — 1694.

Pirozzoli S., A Structural Model for the Vortex Tubes of Isotropic Turbulence,
Theor. Comput. Fluid Dyn. 23, 2009, pp. 55— 62.

Chu C.R., Parlange M.B., Katul G.G. and Albertson J.D., Probability Density
Function of Turbulent Velocity and Temperature in the Atmospheric Surface
Layer, Water Resources Research, Vol. 32, No. 6, 1996, pp. 1681 - 1688.
Xiangpeng Hu, Existence of Time-Periodic Solutions to Incompressible
Navier-Stokes Equation in the Whole Space, Electronic Journal of Differential
Equations, No. 104, 2005, pp. 1 - 6.

Amann H., On the Stong Solvability of the Navier-Stokes Equations, .J. Math.
Fluid Mech. 2, 2000, pp. 16 —98. |

90




[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[57]

[98]

Penel P. & Pokorny M., Some New Regularity Criteria for the Navier-Stokes
Equations Containing Gradient of the Velocity, Applications of Mathematics
49, No. 5, 2004, pp. 483 — 493.

Suzuki T., On Partial Regularity of Suitable Weak Solutions to the Navier-
Stokes Equations in Unbounded Domains, Manuscripta Math., 2008.

Cheng He, Regularity for Solutions to the Navier-Stokes Equations with One
Velocity Component Regular, Electronic Journal of Differential Equations,
No. 29,2002, pp. 1 —13.

Montgomery S. and Smith, Global Regularity of the Navier-Stokes Equation
on Thin Three-Dimensional Domains with Periodic Boundary Conditions,
Electronic Journal of Differential Equations, No. 11, 1999, pp. 1 - 19.
Kukavica I. and Ziane M., On the Regularity of the Navier-Stokes Equation in
a Thin Periodic Domain, Journal of Differential Equations 234, 2007, pp. 485
- 506.

Pachpatte B.G., Inequalities for Differential and Integral Equations,
Academic Press Inc., San Diego, CA, USA, 1998.

Adomian G., Solving Frontier Problem of Physics: The Decomposition
Method, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1994,
Seregin G.A., Interior Regularity for Solutions to the Modified Navier-Stokes
Equations, J. Math. Fluid Mech. 1, 1999, pp. 235 —281.

Heywood J.G., Nagata W. and Xie W., A Numerically Based Existence
Theorem for the Navier-Stokes Equations, J. Math. Fluid Mech. 1, 1999, pp. 5
—23.

Galaktionov V.A. and Svirshchevskii AR., Exact Solutions and Invariant
Subspaces of Nonlinear Partial Differential Equations in Mechanics and
Physics, Taylor & Francis Group, Boca Raton, 2007.

Kuczma M., Choczewski B. and Roman Ger, lterative Functional FEquations,
Cambridge University Press, New York, USA, 1990.

Zhuoqun W., Jingxue Y., Chunpeng W., Elliptic and Parabolic Equations,
World Scientific Publishing Co. Pte. Ltd., Singapore, 2006.

Coddington E.A., An Introduction to Ordinary Differential Equations, Dover
Publications Inc., New York, USA, 1989.

91




[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

Abdel-Gawad TLL., On the Behavior of Solutions of a Class of Nonlinear
Partial Differential Equations, Journal of Statistical Physics, Vol. 97, Nos. 172,
1999,

Sheng Zhang, Exact Solutions of a KdV Equations with Variable Coetlicients
via Exp-Function Method, Nonlinear Dynamics 52, 2008, pp. 11 -17.
Musslimani Z.H., Makris K.G., El-Ganainy R. and Christodoulides D.N.,
Analytical Solutions to a Class of Nonlinear Schrodinger Equations with PT-
Like Potentials, J. Phys. A : Math. Theor. 41, 2008.

Burton T.A., Volterra Integral and Differential Equations Second Edition,
Elsevier B.V., Amsterdam, The Netherlands, 2005.

Nugroho G., Ali AM.S. and Abdul Karim Z.A., Toward a New Simple
Analytical Formulation of Navier-Stokes Equations, International Journal of
Mechanical Systems and Engineering 1:2, 2009, pp. 71-75.

Nugroho G., Ali AM.S., and Abdul Karim Z.A., Properties of ¥ =Vx® and
7=V +Vx® Classes of Solution to the Three-Dimensional Incompressible
Navier-Stokes Equations, International Journal of Applied Mathematics and
Mechanics, 2010. (Accepted).

Symons E.P. and Labus T.L., Experimental Investigation of an Axisymmetric
Fully Developed Laminar Free Jet, NASA Technical Notes, D-6304, 1971.
Eappen T., Exit Region of Submerged Laminar Jets, Thesis, Submitted to the
Faculty of Graduate Studies, Department of Mechanical Engineering,
University of Windsor, Ontario, Canada, 1991. i
Abdel-Rahman A.A., Chakroun W. Al-Fahed S.F., LDA Measurement in the
Turbulent Round Jet, Mechanics Research Communications, V;ol. 24, No. 3,
1997, pp. 277 — 288.

Deo R.C., Mi J. and Nathan G.J., The Influence of Nozzle—Exit Geometric
Profile on Statistical Properties of a Turbulent Jet, Experimem‘dl Thermal and
Fluid Science 32, 2007, pp. 545 — 559.

Xu Z., Hangan H. and Yu P., Analytical Solutions for a Family of Gaussian
Impinging Jets, Journal of Applied Mechanics, Vol. 75, 2008.

Farrel C. and Iyengar A.K.S., Experiments on the Wind Tunnel Simulation of
Atmospheric Boundary Layers, Journal of Wind Engineeringiand Industrial

Aerodynamics 79, pp. 11 — 35, 1999.
92




[111]

[112]

Cuoci A., Frassoldati A, Buzzi Ferraris G, Faraveili T and Ranzi E (2007).
The Ignition, Combustion —and Flame Structure of Carbon
Monoxide/Hydrogen Mixtures. Note 2: Fluid Dynamics and Kinetic Aspects
of Syngas Combustion, International Journal of Hydrogen Energy, Vol. 32,
Issue 15, pp. 3486 — 3500. |

Lammers P., Beronov K.N., Volkert G., Brenner G. and Durst ., Lattice BGK
Direct Numerical Simulation of Fully Deyeloped Turbulence in
Incompressible Plane Channel Flow, Computers and Fluids 335, 2006, pp.
1137 - 1153.

93




