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ABSTRACT 

 

Shale oil reservoir, one of the unconventional-type reservoirs, is fast gaining attention 

worldwide. The reservoir has very low permeability but may produce liquid 

hydrocarbons and hydraulic fracturing is the completion technique usually applied. It is 

challenging to study hydraulic fracturing for shale oil reservoirs due to variations in 

reservoir and fluid properties. There is no general treatment to be employed. Hence, 

fracturing treatment is unique and exclusive where proper analysis is required for 

successful stimulation.  

This 28-week project involves the 2-dimensional Perkins-Kern-Nordgren, PKN and 

Geertsma-de Klerk, GDK hydraulic fracturing models to obtain fracture geometry based 

on reservoir rock and fluid properties, and fracturing treatment data, while the Unified 

Fracture Design, UFD is used to calculate dimensionless productivity index, proppant 

number, dimensionless fracture conductivity, and optimized fracture geometry. The 

ultimate goal of this project is to develop a workflow based on the aforementioned 

models in Microsoft Excel that involves two parts: optimization study and design study. 

Identification of hydraulic fracturing parameters allows sensitivity studies to be 

performed for shale oil reservoir. Hypothetical cases have been designed. It is found that 

variations in parameters time, fracture height, injection rate, proppant pack permeability 

and reservoir permeability influence the optimization and parameters proppant mass, 

drainage area side length, proppant specific gravity, proppant porosity, plane strain 

modulus, viscosity and fracture height affects the design of hydraulic fracturing for 

shale oil reservoir, seen through illustrations of the results in graphs and tables. Thus, it 

is crucial to identify accurate and actual parameters to properly estimate fracture 

geometry or determine required treatment design for optimization. 

The success of this project will heighten the knowledge and contribute to further 

research development on hydraulic fracturing design and optimization for shale oil 

reservoirs. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1 Background 

Studies on unconventional reservoirs have emerged over the past few years and the 

industry continues to expand. New unconventional plays are reported every year. 

Unconventional reservoirs include shale oil, shale gas, tight gas sand, coal bed methane 

and heavy oil, and they refer to formations that cannot be produced economically 

without performing stimulation treatments or special recovery processes and 

technologies [1]. Shale oil reservoir is the focus of this project. Shale reservoirs can be 

referred to as reservoirs of extremely low permeability with hydrocarbon-bearing 

potential. Some popular shale oil plays in the US include the Bakken Shale, Eagle Ford 

Shale, Penn Shale, Utica Shale and Avalon Shale; and possible major shale oil plays in 

Vaca Muerta, Argentina; Bazhenov Shale, Russia; in China’s Changqing field, 

Santanghu Basin, and Ordos Basin; Eastern Europe and Australia [2], [3].  The marginal 

cost to develop shale oil in the US is around USD 90 per barrel [3] 

Hydraulic fracturing is one of the stimulation treatments for shale oil reservoirs. The 

general concept of hydraulic fracturing is to create a crack in the formation which leads 

to forming a fracture that eases the flow of oil and gas through the formation into the 

well using specially designed fracturing fluid under pressure. Two primary technologies 

have contributed to shale reservoir development; they are successful combination of 

multistage fracturing and horizontal wells [4]. The success of greater horizontal drilling 

activity and an increasing number of hydraulic fracture stages per lateral can be seen 

through North Dakota’s Bakken shale play where its oil production grew six times, from 

100,000 bopd to 600,000 bopd in seven years [5]. 
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One of the issues related to hydraulic fracturing is the immense water consumption. To 

address water issue, some alternatives include using recycled water (treating flowback 

water), produced water (treated), formation water (water source wells) or sea water [6].  

 

1.2 Problem Statement 

There are available models to simulate hydraulic fracturing procedure but are limited in 

literature for shale oil reservoir study. The success of a hydraulic fracturing treatment is 

unique to the shale oil reservoir, where the completion program of one reservoir may not 

yield the same positive results when applied in other reservoirs. As reservoir properties 

vary significantly, this imposes additional challenges for the optimum treatment design 

[6]. Some reservoir properties are formation permeability, formation porosity, reservoir 

pressure, saturation, Poisson’s ratio, and density profiles.  

Fracture design treatment specifications like fracture height, width and length, fracturing 

fluid and proppant properties are also vital for treatment design as [7] there are no 

general or universal completion or stimulation design for shale oil wells. Proper and 

thorough analysis with the aid of models should be conducted. These parameters 

influence hydraulic fracturing design and its success, and hence press the need to select 

the optimum fracture treatment design when studying the shale oil reservoir.  

 

1.3 Objectives of Study 

The objectives of this study include: 

 To develop a workflow for hydraulic fracturing simulation based on the 

PKN and GDK models and UFD for shale oil reservoirs, and compare 

and contrast the two hydraulic fracturing models; 

 To analyze shale oil reservoir and fluid properties, and perform 

sensitivity studies on parameters related to optimization of hydraulic 

fracturing for shale oil reservoirs; and  

 To determine design treatments required to achieve optimized fracture 

geometry and conduct sensitivity studies for shale oil reservoirs. 
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1.4 Scope of Study 

The step-by-step scope of this study is: 

 To understand and summarize the theoretical concepts of hydraulic 

fracturing, its terminology and available models; 

 To review the two common PKN and GDK hydraulic fracturing models; 

 To study the Unified Fracture Design; 

 To learn about shale oil reservoir and its current hydraulic fracturing 

application; 

 To identify the parameters involved in hydraulic fracturing treatment; 

 To produce spreadsheet which includes PKN and GDK models and UFD; 

 To analyze simulation results for optimization study that includes 

comparison of PKN and GDK models’ fracture geometry estimation and 

dimensionless productivity index, and the sensitivity of each parameter; 

 To analyze simulation results for design study that includes comparison 

of PKN and GDK models for required injection rate and time, and the 

sensitivity of each parameter; and 

 To present quantitative results of sensitivity studies for optimization and 

design studies in graphs or tables. 

 

1.5 Relevancy and Feasibility of Project 

This project is relevant as to the Petroleum Engineering course and it is of current and 

popular topic to date. This project on hydraulic fracturing design and optimization for 

shale oil reservoir is feasible and within the time frame. Hypothetical case models are 

built and simulations for sensitivity studies are performed. Microsoft Excel is readily 

available as main tool of project. 
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CHAPTER 2  

 

LITERATURE REVIEW 

 

2.1 Hydraulic Fracturing in Shale Reservoirs 

The earliest fracturing treatment was performed in the Hugoton gas field on July 1947 

as it had low deliverability. Since then, the technology associated with hydraulic 

fracturing evolved and is constantly improving, increasing its applications and 

expanding its treatment onto challenging reservoirs. In general, hydraulic fracturing 

treatment in high permeability reservoirs will increase early life producing rates and 

accelerate productivity while in low permeability reservoirs, the ultimate recovery is 

increased instead [8].  

Hydraulic fracturing is the process where the hydraulic pressure of fluid creates an 

artificial fracture in a reservoir and subsequently, this fracture grows in length, height 

and width due to the pumping mixture of hydraulic fluid and propping agents at high 

pressure into the wellbore. The energy applied to the crack tip must exceed the in-situ 

stress plus the tensile strength of the rock to create the fracture [9]. The fracturing fluid 

is used to create fracture and transport propping agents, or proppants, along the fracture. 

The function of proppants is to keep the fracture open. The fracturing fluids are 

designed to breakdown after fracturing job is completed so that the fluid can easily be 

removed. The penetrating fractures help to increase flow and drainage area in 

formations with low permeability, in compliance to King [10] where mentioned the 

intent of shale fracturing is to establish a higher permeability flow path from large 

sections of the reservoir to the wellbore. Generally, the aim of hydraulic fracturing is to 

design a fracture where fracture geometry stays within pay zone, thus developing the 
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maximum pay or producing formation contact and ultimately achieve maximum flow of 

hydrocarbons and minimize water production [10]. 

 A fracture growth orientation is usually perpendicular to the plane of the least principle 

stress. These fractures usually grow until they are in contact with rocks of different 

structure, texture or strength to stop the fracture [10]. Another inhibiting mechanism for 

fracture growth and propagation is fracture fluid loss. As the fracture contact area with 

the formation increases or when the fluid invades natural fractures in the formation, part 

of the fracturing fluid is lost into the formation, hence decreases the amount of 

fracturing fluids remaining to propagate fracture into formation [8]. 

Shale is a fine-grained sedimentary rock formed by consolidation and compaction of 

clay and silt sized particles into thin, relatively extremely low permeable layers, 

commonly known as mud.  These rocks have relatively large amounts of organic matter 

known as kerogen and have potential to become rich hydrocarbon source rocks. It has 

often been confusing between shale oil and oil shale resources. The heating of rocks that 

contain kerogen to as high as 950 degrees Fahrenheit, in a process called retortion, 

produce oil shale. This means that liquid oil is generated synthetically. In contrast, shale 

oil need not be heated over time for production. In other words, shale oil can be said as 

crude oil that is produced from tight shale formations.  

Shale reservoirs are said to be very low permeability reservoirs with hydrocarbon-

bearing potential. Conventional sandstones may have permeabilities in the range of 0.5 

to 20 md while shale reservoirs may have permeabilities of 0.000001 to 0.0001 md. 

Recently the drive to locate and develop shale oil reservoirs has become rapid. Several 

shale oil plays such as the Bakken shale and the Eagle Ford shale show positive results 

from employing hydraulic fracturing stimulation technology on these unconventional 

reservoirs.  The Eagle Ford Shale is a unique play with different reservoir fluids, from 

dry gas to black oil [11]. The light oil is estimated to be 41
o
 API while the rich 

condensate and lean condensate are estimated at 51
 o

 to 52
 o

 API and 50
 o

 API 

respectively [12]. The typical North Dakota’s Bakken property shows 42
 o

 API [13]. As 
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this study focuses on shale oil reservoirs, the following findings compare shale oil to 

shale gas reservoirs, primarily on hydraulic fracturing treatment.  

Drilling and completion of wells are similar to shale oil and gas reservoirs but hydraulic 

fracturing treatments are different depending on the fluid formation type. In fracturing 

fluid selection, slickwater fluid system is pumped for gas rich areas whereby hybrid or 

crosslink fluid system for the liquids-rich areas [11].  Larger diameter proppants, from 

small mesh proppants to 30/50 and 20/40 meshes, are needed in shale oil reservoirs as 

compared to shale gas reservoirs. Employment of crosslink fluids allow placement of 

moderate to larger mesh proppants and crosslinked fluids require only 30-50 % of the 

water needed in slickwater operations. Higher proppant concentrations and higher 

viscosity fluids are also needed in shale oil reservoirs as compared to shale gas 

reservoirs [4], [11], [14]. Generally, oil wells require more conductivity than gas wells 

as oil is less mobile than gas, and thus, multiphase oil production requires significantly 

greater fracture conductivity than single phase gas production [6]. A summary of the 

hydraulic fracturing treatments for shale oil reservoir is shown in Table 1. 

 

Table 1- Summary of hydraulic fracturing treatments for shale oil reservoirs. 

Source Treatment 

Ilk, DeGolyer, MacNaughton, 

Broussard & Blasingame (2012); 

Palisch, Chapman & Godwin (2012) 

Hybrid or crosslink fluid 

Palisch, Chapman & Godwin (2012); 

Pope, Palisch & Saldungaray (2012) 

Larger diameter proppants, from small mesh to 

30/50 or 20/40 

Kennedy (2012) Require more conductivity that gas well 

Ilk, DeGolyer, MacNaughton, 

Broussard & Blasingame (2012); 

Palisch, Chapman & Godwin (2012); 

Pope, Palisch & Saldungaray (2012) 

High proppant concentration and higher viscosity 

fluid 
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Another interesting point on the difference in formation fluid is the reservoir 

management aspect whereby condensate reservoirs have been challenging due to 

condensate blockage. Once the bottomhole pressure drops below the dew point, liquid 

or condensate drops out. Thus, variations in the PVT behaviour throughout the play area 

and near critical PVT behaviour become an important component of production 

performance [11]. 

 

2.2 Production from Shale Oil Reservoir 

As discussed in the earlier section, the combination of hydraulic fracturing and 

horizontal drilling has shown to return positive results with an increase in oil 

production. However, about 90 to 95 percent of the Bakken and Three Forks shale oil 

resource are remained in the ground through these oil recovery methods. To improve 

recovery in the Bakken resource, enhanced recovery methods may need to be employed. 

This includes the possibility of using injection of carbon dioxide or raw shale gas 

underground so that pressure at subsurface increases to push oil through the dense rocks 

[15].  

Another potential approach to producing shale oil is to employ waterflooding technique 

[15], [16]. By placing water underground, the water pushes oil into nearby producing 

wells and this method is cheap to try and run, about USD 5 to 10 per barrel. Pinecrest 

mentioned that they can increase the amount of oil recovered by two fold while Raging 

River projects that recovery factor increases to 16 to 20% from 8% [16].  

On the bright side, although uncertain to how effective and affordable the advanced 

techniques will be for the Bakken shale (laboratory tests displayed promising findings at 

present), producing from a relatively small part of the large oil content resource in the 

Bakken field will impact the US oil production [15]. 
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2.3 2-Dimensional Models 

The use of 2-dimensional models to calculate fracture geometry during the fracture 

optimization process will save computer time and speed up calculation process [17]. 

There are several models in literature that gives reasonable approximations of induced 

fractures. 2-D models incorporated four basic principles: fluid flow, rock mechanics, 

continuity and fracture width. These models can be used when barriers are strong. 

Khristianovich and Zheltov, in 1955, developed a model that considers fracture 

mechanics with simple assumptions on fluid flow. In 1957, Carter built a model by 

focusing on fluid leakoff and ignored fluid viscosity effects and solid mechanics, while 

Perkins and Kern, in 1961, focused on fluid flow and neglected the role of fracture 

mechanics. Geertsma and de Klerk, in 1969, included fluid loss and developed the work 

by Khristianovich and Zheltov to produce the now known as GDK model. In 1972, 

Nordgren added leakoff and storage width to Perkin and Kern’s model, developing the 

PKN model [1]. This section will describe the differences between the two most popular 

hydraulic fracturing models, the mutually exclusive PKN and GDK models, and a brief 

analysis on the models to be used in this shale oil reservoir project. 

 

 

Figure 1- PKN fracture model [1]. 

 

The PKN geometry model approximates the geometry as an elliptical shape in both the 

vertical and horizontal axes (Figure 1) with constant height fracture and does not exceed 

pay zone. In both directions, the width is smaller than the other dimensions. This model 
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is most applicable for fractures with length to half height ratios greater than one. The 

Perkins and Kern model assumes that every vertical cross section acts independently 

and the pressure at a section is dominated more by the height of the section than by the 

length of the fracture. At any cross section, the maximum width is proportional to the 

net pressure at that point and independent of the width at any other point. The fracture 

width at any point is proportional to its height. Nordgren considered leakoff and storage 

width, and defined a dimensionless time term for two cases: storage dominated or high 

efficiency where td is less than 0.01, and high leakoff for td more than 1 to identify 

which one of two to use to obtain the fracture length and width [1].  
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Case 2: High leakoff 
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For any point at a distance x from the wellbore, the following approximation for the 

PKN model is Equation 2.6.  
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Figure 2- GDK fracture model [1]. 

 

The GDK geometry model also assumes a constant height fracture and does not exceed 

pay zone but with horizontal plane strain. The cross sectional area perpendicular to the 

direction of fracture propagation is rectangular in shape while it is elliptical in shape 

parallel to the fracture propagation (Figure 2). Other assumptions include slippage 

between layers, fluid does not act on entire fracture length and fracture width is constant 

along its height. This model is most applicable for fractures with length to half height 

ratios less than one. The length and width can be expressed as a function of time for two 

different cases, that is, for no leak-off and high leak-off cases [1].  
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Case 2: High leak-off 
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For high leak-off, no explicit equation for width has been provided. Any point at a 

distance x from the wellbore is Equation 2.12. 

2

1

max 1 

















L

x
ww  ………………………………………………………(2.12) 

max
4

ww


 ………………………………………………………………….(2.13) 

where  )
'

8
(max

E

RP
w net ……………………………………………………………...(2.14) 

and  
4

1

2

3

,
64

21
'
















Lh

q
EP

f

i
wnet




…………………………………………………….(2.15) 

 

Hence, one difference between the two lies in terms of its approach where the PKN 

model fracture cross section in the vertical plane, perpendicular to the long axis 

generally maintains an elliptical shape while the GDK model approximates elliptical 

shape in the horizontal plane and a rectangular shape vertically. The both also differ in 

terms of its applicability for the desired treatment in formations. The range of the 

fracture half length generated with the PKN model is almost twice that of GDK model 

while the range of fracture width generated for GDK model is approximately 50 percent 

more than the PKN model [1]. Thus, the GDK model normally predicts shorter fracture 

lengths than the PKN model but the GDK model predicts a wider fracture [17], [18]. 

Table 2 shows a summary of general description of the models based on the literature 

review. 
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Table 2- Summary of general description of PKN and GDK models from literature 

review. 

Property Perkins-Kern-Nordgren Model 

(1972) 

Geertsma- de Klerk Model (1969) 

Shape Elliptical shape horizontally and 

vertically 

Elliptical shape in the horizontal 

plane and rectangular shape 

vertically 

Fracture 

half length 

Predicts longer Predicts shorter 

Fracture 

width 

Less wide Wider 

Assumptions Neglects effects of fracture tip 

and fracture mechanics; focuses 

on fluid flow and their pressure 

gradients; height of vertical 

fracture is constant and does not 

exceed payzone; maximum width 

is proportional to net pressure at 

that point and independent of the 

width at any other point 

Fracture width is proportional to its 

fracture length; fracture height is 

constant; there is slippage between 

layers; fluid does not act on entire 

fracture length; fracture width is 

constant along its height 

 

   This project focuses on comparing the PKN and GDK models for fracture geometry 

and later employed in optimization study. 

 

2.4 Unified Fracture Design 

After fracturing, a production analysis should be done to identify the optimum design 

and its treatment specifications. The productivity index represents the production rate 

well, and in oil wells, the dimensionless productivity, JD can be used. The JD is 

calculated as 
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The Unified Fracture Design (UFD) is introduced by Economides and the proppant 

number, NP is an important parameter for UFD. 
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   Hence, the proppant number can be written as 
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Where with reasonable approximation, proppant bulk volume is calculated as 
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With proppant number determined, the maximum dimensionless productivity index can 

be found as the peak value of the appropriate curve corresponding to the known 

proppant number and the optimum dimensionless fracture conductivity read under the 

peak. Shown in Figure 3 is an example of the dimensionless productivity index against 

dimensionless fracture conductivity plot for various proppant numbers where drainage 

area side length equals the drainage area breath of single fracture [19]. 
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Figure 3- Dimensionless productivity index as a function of CfD with curve parameter 

Nprop [16]. 

 

The optimum dimensionless fracture conductivity value is obtained where 

dimensionless productivity index is the maximum for the proppant number. For very 

low permeability reservoirs like shale oil reservoirs, the proppant number can be very 

high. An empirical calculation for dimensionless fracture conductivity and 

dimensionless productivity index as a function of aspect ratio and proppant number is 

developed by Bhattacharya, Nikolaou and Economides [20] shown in Equations 2.24 

and 2.25. 

    
 2.32

2.122

,
1.01

3.1103.01
6.1










eDp

eDpp

optfD
yN

yNN
C  ………………………………(2.24) 

27.375.1

27.26.17.0

max,
14351

28146.0

peDpeD

peDpeDeD

D
NyNy

NyNyy
J




 ……………………………………(2.25) 

          



15 

Alternatively, the optimum fracture half length and fracture width can be back-

calculated if proppant number and data are known using Equations 2.26 and 2.27 [19], 

[20].  
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CHAPTER 3  

 

METHODOLOGY 

 

This simulation-based study is expected to provide valuable findings for hydraulic 

fracturing design and in shale oil reservoirs. The methodology is divided into two parts: 

forward for optimization by calculation of fracture geometry, and backward for 

determination of hydraulic fracturing design to achieve optimized fracture geometry, 

illustrated in Figure 4. The ‘blue’ arrow indicates general flow of the optimization study 

while the ‘green’ arrow indicates general flow of the design study.  

 

 

 

 

 

 

 

 

Figure 4- General description of the two studies. 

 

3.1 Research Schedule 

This 28-week project is generally divided into two phases, named: FYP 1 and FYP 2, 

and consists of 14 weeks each. The project began with the selection of topic. After 

acquiring the title of study, preliminary research work is started that included 

understanding the hydraulic fracturing concepts, learned about shale oil reservoirs, and 

analyzed the available models in literature for hydraulic fracturing (the PKN and GDK 

models) and Unified Fracture Design. Concurrently, this period comprised of 

Hydraulic fracturing design 

Optimized results 

 

Fracture Geometry 
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identification of the problem statement to address throughout this project, specifying the 

objectives of this project and the scope of work, writing literature review of current and 

relevant research papers and proposing methodology until submission of ‘Extended 

Proposal’ on Week 7. The ‘Proposal Defence’, an oral presentation to the supervisor and 

one internal examiner, was held. The project continued with obtaining of shale 

information and hydraulic fracturing treatment data (in literature or reports) and began 

developing the models, which are the PKN model and the Unified Fracture Design, on 

Microsoft Excel. After these have been successfully designed, preliminary studies using 

hypothetical cases were performed. These included design and optimization studies, and 

further investigation on effects of variations of parameters by running sensitivity studies 

until the submission of ‘Interim Report’ on Week 14 [21]. 

The second phase of the project covered the continuation of project until completion and 

documenting tasks. The project continued with the inclusion of the GDK model, 

comparison of models PKN and GDK on fracture geometry, completion of spreadsheet 

for base cases optimization study and design study, and parametric studies for further 

investigations. Several key milestones are achieved for the documenting duty. The 

‘Progress Report’ is submitted on Week 8, technical paper is produced by Week 11, Pre-

SEDEX is scheduled in Week 13, the, Oral Presentation is scheduled in Week 14 and 

finally, submission of dissertation of project is by Week 14 [21].  

The Gantt charts for FYP 1 and FYP 2 phases are shown in Figures 5 and 6, with 

marked key milestones to denote important dates and events throughout this project. 
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No Detail/ 

Week 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

1 Topic 

Selection 

              

2 Preliminary 

Research Work 

              

 Hydraulic 

fracturing 

              

 Shale oil 

reservoir 

              

 Models and 

JD  

              

3 Extended 

Proposal 

      **        

4 Proposal 

Defense 

        **      

5 Project Work               

 Obtain data 

(shale, 

proppant) 

              

 Model 

building 

               

 Preliminary 

results 

                

 Sensitivity 

study 

               

6 Interim Report               

 Reporting               

 Submission              ** 

Key Milestone ** 

Figure 5- Gantt chart for the first phase of project. 
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No Detail/ 

Week 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

1 Project Work               

 Complete 

base cases 

for studies 

              

 Comparison 

of models 

              

 Parametric 

study 

              

2 Reporting, 

Documentation 

and Submission 

              

 Progress 

Report 

       **       

 Draft Paper            **    

 Technical 

Paper 

          **    

 Pre-SEDEX             **  

 Oral 

Presentation 

             ** 

 Dissertation 

(hard bound) 

             ** 

Key Milestone ** 

Figure 6- Gantt chart for the second phase of project. 
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3.2  Optimization Study 

The PKN model, with cross sections an elliptic shape with maximum width in the 

centre, for vertical linear fracture propagation assumes the fracture height (independent 

of the fracture length), fracturing fluid pressure is constant in vertical cross section 

perpendicular to the direction of propagation, each vertical cross section deforms 

individually and not affected by its neighbours, and fluid pressure falls off towards the 

tip or leading edge [8]. The dimensionless time will be calculated using Equation 2.1 to 

identify which one of two cases is to be employed. 

The GDK model has elliptical shape in the horizontal plane and rectangular shape 

vertically. The assumptions involved using GDK model is that fracture width is 

proportional to its fracture length, fracture height is constant, there is slippage between 

layers, fluid does not act on entire fracture length and fracture width is constant along its 

height [8]. All data required for this study is shown in Table 3. The blue boxes indicate 

data required for study, the yellow boxes indicate calculation in the Excel spreadsheet 

while the green boxes display results. In other words, the ‘Calculation data’ represents 

midway calculation steps that are used by ‘Results’ to arrive at the final output. 

 

Table 3- Input data required and data calculated for optimization study. 

 
Data Value Unit 

Time   min 

Fracture height   ft 

Injection rate   bbl/min 

Plane strain modulus   psi 

Viscosity   cp 

Leakoff coefficient   ft/min
1/2

 

Proppant pack permeability   md 

Reservoir permeability   md 

Drainage area side length   ft 

Aspect ratio   - 

Penetration ratio   - 

Proppant number   - 

Dimensionless fracture conductivity   - 

Fracture half length   ft 

Fracture width at wellbore   in 

Dimensionless productivity index   - 

Legend: 

 

 Input data 

 

 

 Calculation data 

 

 Results 
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With these data, the PKN and GDK models calculate fracture geometry, particularly 

fracture half length and fracture width. These results will be needed to calculate the 

dimensionless productivity index. Proppant number, penetration ratio and dimensionless 

fracture conductivity are calculated from Equations 2.17, 2.18 and 2.19 respectively. 

The underlying assumption of this procedure is that the dimensionless fracture 

conductivity calculated is optimum for the calculated fracture geometry, the calculation 

of the dimensionless productivity index is similar to the maximum dimensionless 

productivity index using Equation 2.25, and for a single fracture, single well of square 

shape. A comparison on fracture geometry calculated between the PKN and GDK 

models is performed. 

The dimensionless productivity index is plotted and the optimal design for the parameter 

is indicated by the highest or peak of the dimensionless productivity index graph. 

Following these steps, sensitivity studies are conducted for various cases to study its 

effects on optimization using both PKN and GDK models. Figure 7 illustrates the work 

flow diagram of this optimization study. 

 

3.3 Design Study 

   The data required is shown in Table 4. Similarly in Legend to the ptimization study, 

the blue boxes indicate the input data required, the yellow boxes show calculation steps 

to arrive at the results, shown as green boxes. 
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Table 4- Input data required and data calculated for design study. 

 
Data Value Unit 

Proppant mass   lbm 

Proppant density   lbm/ft
3
 

Proppant porosity   - 

Formation height   ft 

Proppant pack permeability   md 

Reservoir permeability   md 

Proppant to pay   % 

Aspect ratio   - 

Plane strain modulus   psi 

Viscosity   cp 

Leakoff coefficient   ft/min
1/2

 

Fracture height   ft 

Proppant bulk volume   ft
3
 

Proppant number   - 

Optimized dimensionless fracture conductivity   - 

Optimized fracture half length   ft 

Optimized fracture width   in 

Time   min 

Injection rate   bbl/min 

 

The dimensionless fracture conductivity, with usually very high proppant number for 

very low permeability reservoirs like shale oil reservoirs, is calculated using Equation 

2.24 where proppant number is calculated from Equation 3.1. The corresponding 

optimum fracture half length and fracture width can be estimated from Equations 2.26 

or 3.2, and 2.27 respectively. 
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From the optimized fracture half length and fracture width, the required time and 

injection rate to achieve these results can be solved simultaneously for the PKN or GDK 

model. For PKN model, the equations are simplified to Equations 3.3 and 3.4 for Case 1 

of high efficiency and Equations 3.5 and 3.6 for Case 2 of high leak-off, assuming 

fracture height, plane strain modulus, viscosity, and leak-off coefficient are known and 

constant. 

Legend: 

 

 Input data 

 

 

 Calculation data 

 

 Results 
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For GDK model, the time and injection rate equations are simplified to Equations 3.7 

and 3.8 for Case 1 of no leak-off only, assuming fracture height, plane strain modulus, 

viscosity and leak-off coefficient are known and constant. Derivation of the time and 

injection rate for Case 2 of high leak-off is not made. 
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In this project, based on preliminary study, only Case 1 for both models is applied 

during sensitivity studies. The Figure 8 illustrates the work flow diagram of this design 

study. 
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Figure 7- Flow diagram of optimization study. 
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Figure 8- Flow diagram of design study. 
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3.4 Tools 

The most important tool employed in this project is Microsoft Excel, where spreadsheets 

are designed for calculation. Snapshots of the Microsoft Excel spreadsheet are enclosed 

in Appendix A. Microsoft Office such as Microsoft Words, Microsoft Excel and 

Microsoft PowerPoint is used for collection or organization of results, reporting, 

documentation and presentation. 

 

3.5 Hypothetical Case 

To demonstrate the use of this methodology, for both optimization and design studies, 

one hypothetical base case each has been developed [20], as shown in Tables 5 and 6 

respectively. Several sensitivity studies have been conducted to illustrate the effect of 

variation of parameters. In optimization study, 12 different values of parameters time, 

fracture height, injection rate, plane strain modulus and viscosity are selected for 

fracture geometry and dimensionless productivity index sensitivity studies, and 12 

different values of parameters proppant pack permeability and reservoir permeability are 

also selected for dimensionless productivity index sensitivity study. For sensitivity 

analysis on design study, 5 different values of parameters proppant mass, reservoir 

permeability, drainage area side length, proppant specific gravity, proppant pack 

permeability, proppant porosity, fracture height (assuming fracture height is equal to 

formation height), plane strain modulus and viscosity, and 3 different values of aspect 

ratio are selected to illustrate the effect of parameter variation on time and injection rate 

required. The input values for parametric studies are enclosed in Appendix B. 
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Table 5- Hypothetical case input data for optimization study. 

Data Value Unit 

Time 600 min 

Fracture height 60 ft 

Injection rate 100 bbl/min 

Plane strain modulus 3.00E+06 psi 

Viscosity 200 cp 

Leakoff coefficient 0.005 ft/min
1/2

 

Proppant pack permeability 3000 md 

Reservoir permeability 0.0001 md 

Drainage area side length 2000 ft 

 

Table 6- Hypothetical case input data for design study. 
Data Value Unit 

Proppant mass 200000 lbm 

Proppant specific gravity 2.65 - 

Proppant density 165.36 Lbm/ft
3 

Proppant porosity 0.35 - 

Formation height 60 ft 

Fracture height 60 ft 

Proppant pack permeability 200000 md 

Reservoir permeability 0.00005 md 

Drainage area side length 2000 ft 

Proppant to pay 100 % 

Aspect ratio 1 - 

Plane strain modulus 3.00E+06 psi 

Viscosity 200 cp 

Leakoff coefficient 0.005 ft/min
1/2 

 

 

To illustrate the sensitivity of parameters in the studies, a set of parameters with values 

50% more than the base case is designed. Equation 3.9 shows the calculation of 

percentage difference in result. 

%100
Re

ReRe
(%) x

sult

sultsult
difference

base

basenew  ……………………………(3.9) 
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CHAPTER 4  

 

RESULTS AND DISCUSSIONS 

 

As discussed in Methodology section, several hypothetical cases have been investigated. 

Following are the results and discussion based on the designed cases. 

 

4.1  Optimization Study 

4.1.1 Comparison between PKN and GDK Models on Fracture Geometry 

Using the same input data for both PKN and GDK models, a comparison study between 

the two models on fracture geometry is performed. For both models, Case 1 high 

efficiency or no leak-off is applied as for shale oil reservoirs, where very small 

dimensionless time values are observed. Results for five parameters: time, fracture 

height, injection rate, plane strain modulus and viscosity, are presented for fracture half 

length in Figures 9 to 13 and fracture width at wellbore in Figures 14 to 18. 
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Figure 9- Comparison between PKN and GDK models for fracture half length on 

parameter time. 
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Fracture half length against fracture height
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Figure 10- Comparison between PKN and GDK models for fracture half length on 

parameter fracture height. 

Fracture half length against injection rate
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Figure 11- Comparison between PKN and GDK models for fracture half length on 

parameter injection rate. 

Fracture half length against plane strain modulus
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Figure 12- Comparison between PKN and GDK models for fracture half length on 

parameter plane strain modulus. 
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Fracture half length against viscosity
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Figure 13- Comparison between PKN and GDK models for fracture half length on 

parameter viscosity. 

 
 

In all cases, it can be observed that the PKN model predicts a larger fracture half length 

compared to GDK model, agreeing to the papers reviewed. The PKN and GDK models 

show similar trends. Increase in time, injection rate and plane strain modulus increases 

fracture half length initially linearly then it begins to plateau. An increase in fracture 

height and viscosity, however, shows decrease in fracture half length then it begins to 

plateau. 

 

Fracture width against time
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Figure 14- Comparison between PKN and GDK models for fracture width on parameter 

time. 
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Fracture width against fracture height
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Figure 15- Comparison between PKN and GDK models for fracture width on parameter 

fracture height. 
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Figure 16- Comparison between PKN and GDK models for fracture width on parameter 

injection rate. 
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Figure 17- Comparison between PKN and GDK models for fracture width on parameter 

plane strain modulus. 
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Fracture width against viscosity
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Figure 18- Comparison between PKN and GDK models for fracture width on parameter 

viscosity. 

 

In all cases, the fracture width generated by PKN and GDK models show relatively 

close results; however, it can be observed that the GDK model predicts slightly larger 

fracture width values compared to PKN model, agreeing to the papers reviewed. The 

PKN and GDK models also show similar trends for fracture width. Increasing time, 

injection rate and viscosity increases fracture width while increasing fracture height and 

plane strain modulus decreases fracture width. 

To sum up the effects of variation in parameters, it is found that increasing injection rate 

and time increases fracture half length and fracture width; increasing fracture height 

reduces both fracture half length and fracture width; increasing plane strain modulus 

increases fracture half length but decreases fracture width, and increasing viscosity 

decreases fracture half length but increases fracture width. 

Tables of values are included in Appendix C. 

 

 4.1.2 PKN Model and UFD 

The result for base case is shown in Table 7. Parameters time, fracture height, injection 

rate, plane strain modulus, viscosity, proppant pack permeability and reservoir 

permeability have been investigated and Figures 19 to 25 are produced respectively.  
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Table 7- Optimization study result for hypothetical base case of PKN model. 
  Parameter   Value Unit 

  Case   1- High efficiency - 

  Fracture half length   266.86 ft 

  Fracture width at wellbore   3.19 in 

  Penetration ratio   0.27 - 

  Dimensionless fracture conductivity   358159.63 - 

  Proppant Number   25506.00 - 

  Dimensionless productivity index   2.00 - 
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Figure 19- Dimensionless productivity index against time using UFD from PKN model. 
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Figure 20- Dimensionless productivity index against fracture height using UFD from 

PKN model. 
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Dimensionless productivity index against injection rate
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Figure 21- Dimensionless productivity index against injection rate using UFD from 

PKN model. 
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Figure 22- Dimensionless productivity index against plane strain modulus using UFD 

from PKN model. 
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Figure 23- Dimensionless productivity index against viscosity using UFD from PKN 

model. 
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Dimensionless productivity index against proppant pack 

permeability
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Figure 24- Dimensionless productivity index against proppant pack permeability using 

UFD from PKN model. 
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Figure 25- Dimensionless productivity index against reservoir permeability using UFD 

from PKN model. 

 

It can be observed that increasing time, injection rate and proppant pack permeability 

increases the dimensionless productivity index until it begins to plateau. An increase in 

reservoir permeability and fracture height, however, reduces the dimensionless 

productivity index almost linearly. No considerable change in dimensionless 

productivity index is observed for plane strain modulus and viscosity variation. The 

maximum dimensionless productivity index achievable is approximately 2.00. Other 

considerations such as economic factor may be needed for finalized optimization 

treatment. 
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When setting at 50% more than the base case input data for parameter under study using 

the PKN model and UFD, the plot, as shown in Figure 26, shows that proppant pack 

permeability, injection rate and time are equally sensitive, about 0.0026% increase of 

dimensionless productivity index. However, parameters fracture height and reservoir 

permeability show equal sensitiveness and larger reduction, that is, about 0.0039% less. 

As expected, parameters viscosity and plane strain modulus are not sensitive to the 

change of 50%.  

 

Plot of sensitivity by increase in 50% of parameters using PKN 

model and UFD
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Figure 26- Effect of 50% increase in base case input parameters for PKN model and 

UFD. 

    

 4.1.3 GDK Model and UFD 

The maximum dimensionless productivity index is a factor to indicate the ideal 

requirement to optimize production for optimization study. However, similarly to PKN 

model results, other considerations such as economic factor may be needed for finalized 

optimization treatment which is beyond the scope of this study. The result for base case 

is shown in Table 8. Parameters time, fracture height, injection rate, plane strain 

modulus, viscosity, proppant pack permeability and reservoir permeability have been 

investigated and Figures 27 to 33 respectively are produced. 
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Table 8- Optimization study result for hypothetical base case of GDK model. 
 

  Parameter   Value Unit 

  Case   1- No leakoff - 

  Fracture half length   173.31 ft 

  Fracture width at wellbore   3.25 in 

  Penetration ratio   0.17 - 

  Dimensionless fracture conductivity   561718.25 - 

  Proppant Number   16872.00 - 

  Dimensionless productivity index   2.00 - 
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Figure 27- Dimensionless productivity index against time using UFD from GDK model. 
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Figure 28- Dimensionless productivity index against fracture height using UFD from 

GDK model. 
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Dimensionless productivity index against injection rate
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Figure 29- Dimensionless productivity index against injection rate using UFD from 

GDK model. 
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Figure 30- Dimensionless productivity index against plane strain modulus using UFD 

from GDK model. 
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Figure 31- Dimensionless productivity index against viscosity using UFD from GDK 

model. 
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Dimensionless productivity index against proppant pack 

permeability
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Figure 32- Dimensionless productivity index against proppant pack permeability using 

UFD from GDK model. 
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Figure 33- Dimensionless productivity index against reservoir permeability using UFD 

from GDK model. 

  

It is observed that results for GDK model show similar trends to that using PKN model. 

Increasing time, injection rate and proppant pack permeability increases the 

dimensionless productivity index until it begins to plateau; an increase in reservoir 

permeability and fracture height show reduction in the dimensionless productivity index 

almost linearly and no considerable change in dimensionless productivity index is seen 

for plane strain modulus and viscosity variation. The maximum dimensionless 

productivity index achievable is 2.00. 
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Similarly, for the GDK model and UFD, a plot is produced to show the sensitivity of 

parameters that is, when each parameter is set at 50% more than the base case input 

data, as shown in Figure 34. As mentioned that the trends for the PKN and GDK models 

sensitivity cases are similar, it can be seen that proppant pack permeability, injection 

rate and time are equally sensitive, about 0.004% increase of dimensionless productivity 

index. Parameters fracture height and reservoir permeability show equally sensitive and 

larger decrease, that is, about 0.0059% less. As expected, parameters viscosity and plane 

strain modulus are not sensitive to the change of 50%.  

 

Plot of sensitivity by increase in 50% of parameters using GDK 

model and UFD
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Figure 34- Effect of 50% increase in base case input parameters for GDK model and 

UFD. 

 

From these studies, we observe that each parameter for the case-specific PKN and GDK 

models affects the fracture half length and fracture width at the wellbore, which 

influences the dimensionless productivity index except for plane strain modulus and 

viscosity parameters. Hence, it is imperative to acquire correct information pertaining to 

reservoir properties such as the reservoir permeability, fracturing treatment designs like 

time, injection rate and proppant pack permeability, and identify the fracture height of 

the formation before simulation work begins to avoid errors in estimating fracture 

geometry and dimensionless productivity index. Table of values for optimization study 

using PKN and GDK models are included in Appendix C. 
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To sum up for the optimization study, the trends of results between the PKN and GDK 

models show similarity; however, it can be seen that generally, the PKN model predicts 

a higher dimensionless productivity index compared to the GDK model. This may be 

because of the PKN model predicting a larger fracture half length and shorter fracture 

width compared to the GDK model in almost all parameters. Refer Appendix D for 

illustration of results for comparison of dimensionless productivity index in 

optimization study’s sensitivity studies for both the PKN and GDK models. 

 

 4.1.4 Sensitivity Study on Aspect Ratio 

An attempt has been made to further investigate hydraulic fracturing in shale oil 

reservoirs by studying the case of multiple fractures through varying of the aspect ratio. 

Paper by Bhattacharya, Nikolaou and Economides (2012) writes that the maximum 

dimensionless productivity index can be approximated by Equation 4.1. Table 9 shows 

results using both PKN and GDK models that correspond to the statement, that is, the 

calculated maximum dimensionless productivity index from PKN and GDK models 

using UFD is close to the theoretical maximum dimensionless productivity index 

reachable.. 

eD

D
y

J
2

max,   ………………………………………………………………..(4.1) 

Table 9- Maximum dimensionless productivity index predicted from PKN and GDK 

models with comparison to equation provided by the paper. 

 From PKN model From GDK model From paper 

Aspect ratio 

Dimensionless 

productivity index 

Dimensionless 

productivity index Maximum JD possible 

0.01 198.46 197.68 200.00 

0.02 99.60 99.40 100.00 

0.03 66.49 66.39 66.67 

0.04 49.90 49.84 50.00 

0.05 39.93 39.90 40.00 

0.06 33.29 33.26 33.33 

0.07 28.54 28.52 28.57 

0.08 24.97 24.96 25.00 

0.09 22.20 22.19 22.22 

0.10 19.98 19.97 20.00 

0.11 18.17 18.16 18.18 

0.12 16.65 16.65 16.67 
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4.2 Design Study 

In the design study, the optimized fracture half length and fracture width are firstly 

calculated, and then the required time and injection rate necessary are determined for 

both Cases 1 and 2 for high efficiency and high leak-off using PKN model, and only 

Case 1 using GDK model. Table 10 shows the results of base case. For shale oil 

reservoir where Case 1 is applicable, PKN model estimates time of 7.32E10 min and 

injection rate of 1.49E-08 bbl/min while GDK estimates time of 1.06E12 min and 

injection rate of 1.56E-09 bbl/min to achieve an optimized fracture half length and 

optimized fracture width of 1000.40 ft and 0.015 in respectively. 

 

Table 10- Design study results for hypothetical base case. 
  Parameter   Value Unit 

  Proppant bulk volume   1860.740 ft3 

  Proppant number   62024.740 - 

  Dimensionless fracture conductivity   61975.100 - 

  Optimized fracture half length   1000.400 ft 

  Optimized fracture width   0.015 in 

  PKN Model Case 1 Injection rate    1.49E-08 bbl/min 

  PKN Model Case 1 Time   7.32E10 min 

  PKN Model Case 2 Injection rate   1.67E-08 bbl/min 

  PKN Model Case 2 Time   1.28E22 min 

  GDK Model Case 1 Injection rate   1.56E-09 bbl/min 

  GDK Model Case 1 Time   1.06E12 min 

 

Similarly, sensitivity studies are performed for various cases on proppant mass, 

reservoir permeability, drainage area side length, proppant specific gravity, proppant 

porosity, proppant pack permeability, plane strain modulus, viscosity, fracture height 

and aspect ratio. Results are presented in Tables 11 and 12 where the yellow rows 

denote the base case for analysis. The penetration ratio is found to be close to one; thus, 

optimized fracture half length is almost half of the drainage area side length for all 

cases. However, different relationships are observed for optimized fracture width. 

Increasing proppant mass or proppant porosity increases optimized fracture width while 
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increasing drainage area side length, proppant specific gravity or fracture height reduces 

the optimized fracture width. No considerable change is resulted from variation in 

reservoir permeability, proppant pack permeability and aspect ratio. As expected as 

plane strain modulus and viscosity parameters are only considered during the calculation 

of required injection rate and time, no considerable changes are observed for optimized 

fracture width.  

From the tables, it can be concluded that PKN and GDK models show similar trends of 

results. However, the use of the PKN model generally generates a higher required 

injection rate to achieve the optimized fracture half length and optimized fracture width 

compared to the GDK model, while the GDK model estimates a longer time required to 

achieve the optimized fracture geometry compared to the PKN model for all parameters 

under study. 

It is observed that increasing proppant mass, proppant porosity and plane strain modulus 

increases the required injection rate with less time required, while the required injection 

rate decreases and more time is needed when there are increases in drainage area side 

length, proppant specific gravity, viscosity and fracture height. No considerable changes 

are observed for required injection rate and time when variations of reservoir 

permeability, proppant pack permeability and aspect ratio are performed. 

Graphical illustrations of the results are enclosed in Appendix E. An attempt to calculate 

required injection rate and time for Case 2 of the PKN model has been included in 

Appendix F. 
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Table 11- Results of parametric studies on proppant mass, reservoir permeability, drainage area side length, proppant specific gravity 

and proppant porosity. 

 

    PKN model GDK model 

Parameter Value 

Optimized 
fracture half 
length, ft 

Optimized 
fracture 
width, in 

Injection 
rate, 
bbl/min 

Time, 
min 

Injection 
rate, 
bbl/min 

Time, 
min 

Proppant mass, lbm 100000 1000.4 0.0077 9.34E-10 5.86E+11 9.76E-11 8.47E+12 

  200000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  300000 1000.4 0.0232 7.57E-08 2.17E+10 7.91E-09 3.14E+11 

  400000 1000.4 0.0310 2.39E-07 9.15E+09 2.50E-08 1.32E+11 

  500000 1000.4 0.0387 5.84E-07 4.69E+09 6.10E-08 6.78E+10 

Reservoir permeability, md 0.00001 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  0.00005 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  0.0001 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  0.00015 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  0.0002 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

Drainage area side length, ft 1000 500.2 0.0310 4.78E-07 2.29E+09 1.00E-07 1.65E+10 

  1500 750.3 0.0207 6.30E-08 1.74E+10 8.78E-09 1.88E+11 

  2000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  2500 1250.5 0.0124 4.90E-09 2.23E+11 4.10E-10 4.04E+12 

  3000 1500.6 0.0103 1.97E-09 5.56E+11 1.37E-10 1.21E+13 

Proppant specific gravity 2.50 1000.4 0.0164 1.89E-08 6.15E+10 1.97E-09 8.89E+11 

  2.60 1000.4 0.0158 1.61E-08 6.92E+10 1.69E-09 1.00E+12 

  2.65 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  2.70 1000.4 0.0152 1.39E-08 7.74E+10 1.45E-09 1.12E+12 

  2.80 1000.4 0.0147 1.20E-08 8.64E+10 1.25E-09 1.25E+12 

Proppant porosity 0.20 1000.4 0.0126 6.51E-09 1.37E+11 6.81E-10 1.97E+12 

  0.30 1000.4 0.0144 1.11E-08 9.15E+10 1.16E-09 1.32E+12 

  0.35 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  0.40 1000.4 0.0168 2.06E-08 5.76E+10 2.15E-09 8.33E+11 

  0.50 1000.4 0.0201 4.27E-08 3.33E+10 4.46E-09 4.82E+11 
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Table 12- Results of parametric studies on proppant pack permeability, plane strain modulus, viscosity, fracture height and aspect ratio. 

    PKN model GDK model 

Parameter Value 

Optimized 
fracture half 
length, ft 

Optimized 
fracture 
width, in 

Injection 
rate, 
bbl/min 

Time, 
min 

Injection 
rate, 
bbl/min 

Time, 
min 

Proppant pack permeability, md 100000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  200000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  300000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  400000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  500000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

Plane strain modulus, psi 2500000 1000.4 0.0155 1.25E-08 8.79E+10 1.30E-09 1.27E+12 

  3000000 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  3500000 1000.4 0.0155 1.74E-08 6.28E+10 1.82E-09 9.08E+11 

  4000000 1000.4 0.0155 1.99E-08 5.49E+10 2.08E-09 7.94E+11 

  4500000 1000.4 0.0155 2.24E-08 4.88E+10 2.34E-09 7.06E+11 

Viscosity, cp 150 1000.4 0.0155 1.99E-08 5.49E+10 2.08E-09 7.94E+11 

  200 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  250 1000.4 0.0155 1.20E-08 9.15E+10 1.25E-09 1.32E+12 

  300 1000.4 0.0155 9.96E-09 1.10E+11 1.04E-09 1.59E+12 

  350 1000.4 0.0155 8.54E-09 1.28E+11 8.93E-10 1.85E+12 

Fracture height, ft 40 1000.4 0.0232 7.57E-08 1.45E+10 5.27E-09 3.14E+11 

  50 1000.4 0.0186 3.10E-08 3.53E+10 2.70E-09 6.13E+11 

  60 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  70 1000.4 0.0133 8.07E-09 1.36E+11 9.84E-10 1.68E+12 

  80 1000.4 0.0116 4.73E-09 2.31E+11 6.59E-10 2.51E+12 

Aspect ratio 0.10 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  1.00 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 

  0.01 1000.4 0.0155 1.49E-08 7.32E+10 1.56E-09 1.06E+12 
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To determine the sensitiveness of each parameter in the design study, 50% increase of 

value of parameter to the base case have been calculated and compared to the base case 

results. Figures 35 and 36 show the percentage difference for required injection rate and 

time respectively for PKN model Case 1 while Figures 37 and 38 show the percentage 

difference for required injection rate and time respectively for GDK model Case 1. As 

expected, both PKN and GDK models predicted similar results. 

For required injection rate, proppant mass is most sensitive, with increase of 406% for 

both models. Proppant porosity and plane strain modulus show an increase of 250% and 

50% respectively for both models. Drainage area side length, proppant specific gravity, 

fracture height and viscosity all show decrease in percentage difference. 

For required time, drainage area side length show the largest difference, that is, 660% 

and 1040% for PKN and GDK models respectively. Fracture height, proppant specific 

gravity and viscosity show positive increase for both models while proppant mass, 

proppant porosity and plane strain modulus show negative differences. With this, it is 

observed that the relationship between the required injection rate is inverse to time. As 

expected, increase of 50% for parameters aspect ratio, reservoir permeability and 

proppant pack permeability does not affect the required injection rate and time. 
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Percentage difference to base case with 50% increase in parameter value 

for required injection rate using PKN model Case 1.

-200.00 -100.00 0.00 100.00 200.00 300.00 400.00 500.00

Proppant mass, lbm

Proppant porosity

Plane strain modulus, psi

Drainage area side length, ft

Proppant specific gravity

Fracture height, ft

Viscosity, cp

Aspect ratio

Reservoir permeability, md

Proppant pack permeability, md

Percentage difference to base case for required injection rate, %

 

Figure 35- Percentage difference to base case for required injection rate using PKN 

model Case 1. 

Percentage difference to base case with 50% increase in parameter value 

for required injection rate using GDK model Case 1.
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Figure 36 - Percentage difference to base case for required injection rate using GDK 

model Case 1. 
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Percentage difference to base case with 50% increase in parameter value 

for required time using PKN model Case 1.
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Figure 37- Percentage difference to base case for required time using PKN model Case 

1. 

Percentage difference to base case with 50% increase in parameter value 

for required time using GDK model Case 1.
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Figure 38- Percentage difference to base case for required time using GDK model Case 

1.
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CHAPTER 5  

 

CONCLUSIONS AND RECOMMENDATIONS 

 

In this 28-week project, the 2-dimensional PKN and GDK hydraulic fracturing models 

and the UFD have been selected for the design and optimization study. Sensitivity 

studies are then performed following the identification of hydraulic fracturing 

parameters. Several conclusions can be drawn: 

 A workflow encompassing the aforementioned models is successfully developed 

in Microsoft Excel, a key objective of this project. 

 In optimization study, using hypothetical base case, the dimensionless 

productivity indexes calculated are approximately 2.00 for both PKN and GDK 

models with UFD. The fracture half length and fracture width estimated are 

266.86 ft and 3.19 in, and 173.31 ft and 3.25 in for the PKN and GDK models 

respectively. 

 In optimization study, the PKN and GDK models show similar trends in 

sensitivity analysis, although PKN model generally predicts a longer fracture half 

length and larger dimensionless productivity index while GDK model estimates 

larger fracture width, consistent to literature reviewed.  

 Dimensionless productivity index increases with increasing time, injection rate 

and proppant pack permeability, of equal sensitiveness (0.0025% and 0.0040% 

for PKN and GDK models for 50% increase of each parameter), while it 

decreases with increasing fracture height and reservoir permeability of equal 

sensitiveness (-0.004% and -0.006% for PKN and GDK models for 50% increase 

of each parameter). Parameters plane strain modulus and viscosity are not 

sensitive.  
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 In design study, using simultaneous equation method, the injection rate and time 

required to achieve optimized fracture geometry are determined. Results from 

hypothetical base case show that it requires 1.49E-08 bbl/min and 7.32E10 min 

using UFD-PKN, and 1.56E-09 bbl/min and 1.06E12 min using UFD-GDK to 

achieve optimized fracture half length and width of 1000.4 ft and 0.015 in 

respectively. 

 The PKN model predicts higher injection rate while the GDK model estimates 

longer time to achieve optimized fracture half length and fracture width. With 

50% increase of parameter value to base case, the required injection rate is most 

sensitive to proppant mass, 406% increase for both PKN and GDK models, while 

for the required time, it is most sensitive to drainage area side length, increase of 

660% and 1040% using PKN and GDK models respectively. Paramters aspect 

ratio, reservoir permeability and proppant pack permeability are not sensitive. 

 Noticeable differences in results using the PKN or GDK model with UFD in both 

the optimization and design studies. 

Hence, it is vital to ensure correct and actual data has been obtained for accurate 

estimation of stimulation in design and optimization for shale oil reservoir. With these, 

the objectives of this project have been achieved. The findings of this project provide 

insights on the effects of parameter variations through quantitative results, heighten the 

knowledge, and contribute to research development on hydraulic fracturing design and 

optimization for shale oil reservoirs.  

Some recommendations for future studies are: 

 Economic analysis; 

 Environmental impacts of hydraulic fracturing in shale oil reservoir, particularly 

on the amount of water consumed; and 

 Study on shale oil production. 
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APPENDIX 

Appendix A: Snapshots of Spreadsheet 

 
Figure 39- Snapshot of the PKN model for optimization study (fracture geometry) in 

Microsoft Excel. 

 

 

 
Figure 40- Snapshot of the GDK model for optimization study (dimensionless 

productivity index) in Microsoft Excel. 
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Figure 41- Snapshot of the UFD and PKN model for design study in Microsoft Excel. 

 

 
Figure 42- Snapshot of the UFD and GDK model for design study in Microsoft Excel. 
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Appendix B: Input Data for Sensitivity Study 

 

Table 13- 12 different input values for parameter under study for optimization study 

sensitivity analysis. 

Parameter 

Time
, min 

Fracture 
height, ft 

Injectio
n rate, 
bbl/min 

Plane strain 
modulus, 
psi 

Viscosity
, cp 

Proppant pack 
permeability, 
md 

Reservoir 
permeability, 
md 

200 10 50 2000000 50 1000 0.0001 

250 20 60 2500000 100 2000 0.0002 

300 30 70 3000000 150 3000 0.0003 

350 40 80 3500000 200 4000 0.0004 

400 50 90 4000000 250 5000 0.0005 

450 60 100 4500000 300 6000 0.0006 

500 70 110 5000000 350 7000 0.0007 

550 80 120 5500000 400 8000 0.0008 

600 90 130 6000000 450 9000 0.0009 

650 100 140 6500000 500 10000 0.001 

700 110 150 7000000 550 11000 0.0011 

750 120 160 7500000 600 12000 0.0012 

 

Note: Yellow boxes indicate base case input data. 
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Table 14- Various input values for parameter under study for design study sensitivity 

analysis. 

Parameter Value 

Proppant pack permeability, md 100000 

  200000 

  300000 

  400000 

  500000 

Fracture height, ft 40 

  50 

  60 

  70 

  80 

Plane strain modulus, psi 2500000 

  3000000 

  3500000 

  4000000 

  4500000 

Viscosity, cp 150 

  200 

  250 

  300 

  350 

Aspect ratio 0.1 

  1 

  0.01 

 

 

Note: Yellow boxes indicate base case input data. 

 

Parameter Value 

Proppant mass, lbm 100000 

  200000 

  300000 

  400000 

  500000 

Reservoir permeability, 
md 0.00001 

  0.00005 

  0.0001 

  0.00015 

  0.0002 

Drainage area side 
length, ft 1000 

  1500 

  2000 

  2500 

  3000 

Proppant specific gravity 2.5 

  2.6 

  2.65 

  2.7 

  2.8 

Proppant porosity 0.2 

  0.3 

  0.35 

  0.4 

  0.5 
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Appendix C: Optimization Study Tabulated Results 

Table 15- Table of result for optimization study sensitivity analysis on parameter time. 

 PKN GDK 

Time, 
min 

Fracture 
half length, 
ft 

Fracture 
width at 
wellbore, in Jd 

Fracture 
half length, 
ft 

Fracture width 
at wellbore, in Jd 

200 110.81 2.56 1.99953 83.32 2.25 1.99929 

250 132.47 2.67 1.99962 96.68 2.42 1.99943 

300 153.27 2.77 1.99969 109.18 2.58 1.99953 

350 173.39 2.86 1.99973 121.00 2.71 1.99959 

400 192.93 2.94 1.99976 132.26 2.83 1.99964 

450 212.00 3.01 1.99979 143.06 2.95 1.99968 

500 230.64 3.07 1.99981 153.47 3.05 1.99972 

550 248.92 3.13 1.99983 163.54 3.15 1.99974 

600 266.86 3.19 1.99984 173.31 3.25 1.99976 

650 284.51 3.24 1.99986 182.81 3.33 1.99978 

700 301.88 3.29 1.99987 192.07 3.42 1.99980 

750 319.01 3.33 1.99987 227.10 3.71 1.99984 

 

 

Table 16- Table of result for optimization study sensitivity analysis on parameter 

fracture height. 

 PKN GDK 

Fracture 
height, 
ft 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

10 1118.93 4.56 1.999974 424.52 7.95 1.999960 

20 642.66 3.97 1.999948 300.18 5.62 1.999921 

30 464.63 3.66 1.999922 245.10 4.59 1.999881 

40 369.11 3.46 1.999895 212.26 3.97 1.999842 

50 308.76 3.30 1.999869 189.85 3.55 1.999802 

60 266.86 3.19 1.999843 173.31 3.25 1.999763 

70 235.90 3.09 1.999817 160.45 3.00 1.999723 

80 212.00 3.01 1.999791 150.09 2.81 1.999684 

90 192.93 2.94 1.999765 141.51 2.65 1.999644 

100 177.34 2.88 1.999739 134.25 2.51 1.999605 

110 164.32 2.82 1.999713 128.00 2.40 1.999565 

120 153.27 2.77 1.999686 122.55 2.29 1.999526 
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Table 17- Table of result for optimization study sensitivity analysis on parameter 

injection rate. 
 PKN GDK 

Injection 
rate, 
bbl/min 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

50 176.06 2.41 1.999686 122.55 2.29 1.999526 

60 196.41 2.60 1.999739 134.25 2.51 1.999605 

70 215.45 2.76 1.999776 145.00 2.72 1.999661 

80 233.42 2.91 1.999804 155.01 2.90 1.999704 

90 250.51 3.05 1.999826 164.42 3.08 1.999737 

100 266.86 3.19 1.999843 173.31 3.25 1.999763 

110 282.57 3.31 1.999857 181.77 3.40 1.999785 

120 297.71 3.43 1.999869 189.85 3.55 1.999802 

130 312.36 3.54 1.999879 197.60 3.70 1.999818 

140 326.56 3.64 1.999888 205.06 3.84 1.999831 

150 340.36 3.75 1.999895 212.26 3.97 1.999842 

160 353.80 3.84 1.999902 219.22 4.10 1.999852 

 

Table 18- Table of result for optimization study sensitivity analysis on parameter plane 

strain modulus. 
 PKN GDK 

Plane strain 
modulus, 
psi 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

2000000 246.07 3.46 1.999843 161.99 3.47 1.999763 

2500000 257.30 3.30 1.999843 168.12 3.35 1.999763 

3000000 266.86 3.19 1.999843 173.31 3.25 1.999763 

3500000 275.22 3.09 1.999843 177.82 3.16 1.999763 

4000000 282.66 3.01 1.999843 181.82 3.09 1.999763 

4500000 289.40 2.94 1.999843 185.43 3.03 1.999763 

5000000 295.56 2.88 1.999843 188.71 2.98 1.999763 

5500000 301.25 2.82 1.999843 191.73 2.93 1.999763 

6000000 306.54 2.77 1.999843 194.53 2.89 1.999763 

6500000 311.49 2.73 1.999843 197.15 2.85 1.999763 

7000000 316.14 2.69 1.999843 199.60 2.82 1.999763 

7500000 320.53 2.65 1.999843 201.91 2.79 1.999763 
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Table 19- Table of result for optimization study sensitivity analysis on parameter 

viscosity. 

 PKN GDK 

Viscosity, 
cp 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

Fracture 
half 
length, ft 

Fracture 
width at 
wellbore, in Jd 

50 352.12 2.41 1.999843 218.36 2.58 1.999763 

100 306.54 2.77 1.999843 194.53 2.89 1.999763 

150 282.66 3.01 1.999843 181.82 3.09 1.999763 

200 266.86 3.19 1.999843 173.31 3.25 1.999763 

250 255.21 3.33 1.999843 166.98 3.37 1.999763 

300 246.07 3.46 1.999843 161.99 3.47 1.999763 

350 238.60 3.56 1.999843 157.88 3.56 1.999763 

400 232.31 3.66 1.999843 154.40 3.64 1.999763 

450 226.91 3.75 1.999843 151.40 3.71 1.999763 

500 222.17 3.83 1.999843 148.76 3.78 1.999763 

550 217.98 3.90 1.999843 146.42 3.84 1.999763 

600 214.22 3.97 1.999843 144.31 3.90 1.999763 

 

 

Table 20- Table of result for optimization study sensitivity analysis on parameter 

proppant pack permeability. 

 PKN GDK 

Proppant pack permeability, md Jd Jd 

1000 1.999530 1.999289 

2000 1.999765 1.999644 

3000 1.999843 1.999763 

4000 1.999882 1.999842 

5000 1.999906 1.999858 

6000 1.999922 1.999881 

7000 1.999933 1.999898 

8000 1.999941 1.999911 

9000 1.999948 1.999921 

10000 1.999953 1.999929 

11000 1.999957 1.999935 

12000 1.999961 1.999941 
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Table 21- Table of result for optimization study sensitivity analysis on parameter 

reservoir permeability. 

 PKN GDK 

Reservoir permeability, md Jd Jd 

0.0001 1.999843 1.999763 

0.0002 1.999686 1.999644 

0.0003 1.999530 1.999289 

0.0004 1.999373 1.999052 

0.0005 1.999216 1.998815 

0.0006 1.999060 1.998579 

0.0007 1.998903 1.998342 

0.0008 1.998746 1.998106 

0.0009 1.998590 1.997869 

0.001 1.998433 1.997633 

0.0011 1.998277 1.997396 

0.0012 1.998120 1.997160 
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Appendix D: Optimization Study JD Comparison 

Dimensionless productivity index against time
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Figure 43- Comparison of dimensionless productivity index between PKN and GDK 

models for parameter time. 
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Figure 44- Comparison of dimensionless productivity index between PKN and GDK 

models for parameter fracture height. 
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Dimensionless productivity index against injection 

rate
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Figure 45- Comparison of dimensionless productivity index between PKN and GDK 

models for parameter injection rate. 
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Figure 46- Comparison of dimensionless productivity index between PKN and GDK 

models for parameter plane strain modulus. 
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Figure 47- Comparison of dimensionless productivity index between PKN and GDK 

models for parameter viscosity. 
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Dimensionless productivity index against proppant 

pack permeability
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Figure 48- Comparison of dimensionless productivity index between PKN and GDK 

models for parameter proppant pack permeability. 
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Figure 49- Comparison of dimensionless productivity index between PKN and GDK 

models for parameter reservoir permeability. 
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Appendix E: Design Study Case 1 Results 

Injection rate versus proppant mass
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Figure 50- Design study using Case 1 for PKN and GDK models on required injection 

rate against proppant mass. 
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Figure 51- Design study using Case 1 for PKN and GDK models on required time 

against proppant mass. 
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Figure 52- Design study using Case 1 for PKN and GDK models on required injection 

rate against reservoir permeability. 
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Time versus reservoir permeability
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Figure 53 Design study using Case 1 for PKN and GDK models on required time against 

reservoir permeability. 

Injection rate versus drainage area side length
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Figure 54- Design study using Case 1 for PKN and GDK models on required injection 

rate against drainage area side length. 

Time versus drainage area side length
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Figure 55- Design study using Case 1 for PKN and GDK models on required time 

against drainage area side length. 
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Injection rate versus proppant specific gravity
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Figure 56- Design study using Case 1 for PKN and GDK models on required injection 

rate against proppant specific gravity. 

Time versus proppant specific gravity

0

2E+11

4E+11

6E+11

8E+11

1E+12

1.2E+12

1.4E+12

2.4 2.5 2.6 2.7 2.8 2.9

Proppant specific gravity

T
im

e
, 
m

in

PKN

GDK

 
Figure 57- Design study using Case 1 for PKN and GDK models on required time 

against proppant specific gravity. 

Injection rate versus proppant porosity
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Figure 58- Design study using Case 1 for PKN and GDK models on required injection 

rate against proppant porosity. 
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Time versus proppant porosity
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Figure 59- Design study using Case 1 for PKN and GDK models on required time 

against proppant porosity. 

Injection rate versus proppant pack permeability
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Figure 60- Design study using Case 1 for PKN and GDK models on required injection 

rate against proppant pack permeability. 

Time versus proppant pack permeability
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Figure 61- Design study using Case 1 for PKN and GDK models on required time 

against proppant pack permeability. 
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Injection rate versus plane strain modulus
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Figure 62- Design study using Case 1 for PKN and GDK models on required injection 

rate against plane strain modulus. 

Time versus plane strain modulus
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Figure 63- Design study using Case 1 for PKN and GDK models on required time 

against plane strain modulus. 

Injection rate versus viscosity

0

0.000000005

0.00000001

0.000000015

0.00000002

0.000000025

0 100 200 300 400

Viscosity, cp

In
je

c
ti

o
n

 r
a
te

, 
b

b
l/
m

in

PKN

GDK

 
Figure 64- Design study using Case 1 for PKN and GDK models on required injection 

rate against viscosity. 
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Time versus viscosity
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Figure 65- Design study using Case 1 for PKN and GDK models on required time 

against viscosity. 

Injection rate versus fracture height
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Figure 66- Design study using Case 1 for PKN and GDK models on required injection 

rate against fracture height. 

Time versus fracture height
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Figure 67- Design study using Case 1 for PKN and GDK models on required time 

against fracture height. 
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Appendix F: Design Study PKN Model Case 2 Results 

Table 22- Results for design study sensitivity analysis using PKN Model Case 2 for 

parameters proppant mass, reservoir permeability, drainage area side length, proppant 

specific gravity and proppant porosity. 

  PKN model Case 2 

Parameter Value Injection rate, bbl/min Time, min 

Proppant mass, lbm 100000 1.04E-09 3.27E+24 

  200000 1.67E-08 1.28E+22 

  300000 8.45E-08 4.99E+20 

  400000 2.67E-07 4.99E+19 

  500000 6.52E-07 8.37E+18 

Reservoir permeability, md 0.00001 1.67E-08 1.28E+22 

  0.00005 1.67E-08 1.28E+22 

  0.00010 1.67E-08 1.28E+22 

  0.00015 1.67E-08 1.28E+22 

  0.00020 1.67E-08 1.28E+22 

Drainage area side length, ft 1000 5.34E-07 3.12E+18 

  1500 7.03E-08 4.05E+20 

  2000 1.67E-08 1.28E+22 

  2500 5.47E-09 1.86E+23 

  3000 2.20E-09 1.66E+24 

Proppant specific gravity 2.50 2.11E-08 8.02E+21 

  2.60 1.80E-08 1.10E+22 

  2.65 1.67E-08 1.28E+22 

  2.70 1.55E-08 1.48E+22 

  2.80 1.34E-08 1.98E+22 

Proppant porosity 0.20 7.27E-09 6.73E+22 

  0.30 1.24E-08 2.31E+22 

  0.35 1.67E-08 1.28E+22 

  0.40 2.30E-08 6.74E+21 

  0.50 4.76E-08 1.57E+21 
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Table 23- Results for design study sensitivity analysis using PKN Model Case 2 for 

parameters proppant pack permeability, plane strain modulus, viscosity, fracture height 

and aspect ratio. 

  PKN model Case 2 

Parameter Value 
Injection rate, 
bbl/min  Time, min 

Proppant pack permeability, md 100000 1.67E-08 1.28E+22 

  200000 1.67E-08 1.28E+22 

  300000 1.67E-08 1.28E+22 

  400000 1.67E-08 1.28E+22 

  500000 1.67E-08 1.28E+22 

Plane strain modulus, psi 2500000 1.39E-08 1.84E+22 

  3000000 1.67E-08 1.28E+22 

  3500000 1.95E-08 9.39E+21 

  4000000 2.22E-08 7.19E+21 

  4500000 2.50E-08 5.68E+21 

Viscosity, cp 150 2.22E-08 7.19E+21 

  200 1.67E-08 1.28E+22 

  250 1.33E-08 2.00E+22 

  300 1.11E-08 2.87E+22 

  350 9.53E-09 3.91E+22 

Fracture height, ft 40 8.45E-08 2.22E+20 

  50 3.46E-08 2.06E+21 

  60 1.67E-08 1.28E+22 

  70 9.00E-09 5.97E+22 

  80 5.28E-09 2.27E+23 

Aspect ratio 0.10 1.67E-08 1.28E+22 

  1.00 1.67E-08 1.28E+22 

  0.01 1.67E-08 1.28E+22 

 

 

 


