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ZAB 1043

* Given fis a scalar function'and ¥V =(), V,,%;)-is a-vector. Shok
that Fx(f 7)=f Ix7 + (V7 )x 7.

In the Pauli theory of the electron one encounters the

expression

reduces to ieB®.
[6 marks}

Given that the successive operations of the vector differential
operator to a vector function A possesses the identity

?x (§ x 2): ﬁ’(ﬁ' oA )— (ﬁ' ° ?)}i . Show that if the veétor funétion

A satisfies the solenoidal condition, Ve 4 =0, any solution of
the equation
v x ('i_?x ;j)_k?g =0

(§2+k2)2=0

where V2 =VeV.




ZAB 1043

ﬁﬁ(x, y,Z)e ds
S

of the vector field

F(x,y,Z)=<lr{y2+l}2y—exx{smx} 21 z”)
z z X =Yy

over the closed surface S of a sphere with radius 3 units

[6 marks]

where F(x,y,z)=(3z,4x,2y) and C is the boundary of the

" paraboloid * z= for which z>0 with upward

‘orientatiori.” "
[8 marks]

along the curve x=cost,y=sint and z=2¢ from the point

(1,0,0) to (0,1, 7).
[7 marks]
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[2 marks]

.

[4 marks]

i. Let F(x,y,y') be a function having continuous second

order partial derivatives. Show:that if the functional

b
I[y]= [ F(x, y(x), ¥ (x))éx

[7 marks]

i, If F=1+('Y, ,(0)=0, y,() =1, find the extremal.

[3 marks]
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Suppose z = x+zy is a complex number.

a. Let v(x,y)=2xy,

. by uation show that v(x, ). is har :
" "  [3 marks]
i. ction f(z) =u(x,y)+iv(x,y).
[4 marks]
b. i, Show whether f(z)= e is analytic or not.
u (Hint: ¢* =cosy+isiny)
[4 marks]
il. Evaluate:
83 .
_[ e’ dz
8+
G By using Residue Integration method, evaluate
e
d
;f z+1 y

where C is the circle |z + i| =1 oriented counterclockwise.

[5 marks]
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1.2

w,(x)=H,(@x)e™

where a is a constant and H,(« x) is the Hermite polynomials.

differentia

CREER - Py

polynomials; show that
w,"(x)=-a’Q2n+1-a*x )y, (x)

[8 marks] -

If the eigenfunction y,(x) in part (a) satisfies the Harmonic

oscillator time independent Schrédinger equation

WidL: ;
[

where 7, m and k are constants, and the natural frequency of

S

the harmonic oscillator is given by w:\/z , express the
m

constant a in terms of 7i, m and w.
[8 marks]

By  using the result in part (b), show that the eigenvalue of
equation (1) is given by |

~ END OF PAPER ~
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APPENDIX | .
1. Cauchy-Riemann Equations

au_gv o —& where f(z) u(x,y)+1v(x ¥)

dx 6y 6y dx 7 7 Lz

2. Laplace Equations
*u  d'u 62v o*v

+ — s
o' 8y ax 0y

3. g;fCauchys lntegral Formula

5.  Divergence F, F=Pi+0Q}+REk

divF = 6P+ 6Q+6R
- dx 0y Oz

6. Divergence Theorem
ﬁ Fed§=m divF dv
S E

7. Stoke's Theorem

£ Feszj-_L curl ¥ e ndS = J;I

8. If f(z) has simple pole at z =z,
_Res f (z) = hm(z z,)f(z) *

i z=gy

9. If f(2) =% has simple pole at z =z,

Z)

@) _ pz)
Resf@)-Rel 2 0@ 4G)
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order pole t z=z,,

z=2y

0=t ke 00}

11.  Residue Integration Method:

j;f(z)dz =27 ZResf(z) for the poles z,, z,..., z, lying inside
C i=0 =3

the contour C

matrix 4,  PTAP=D

A

n

eigenvector corresponding to the eigenvalue 4,.

avlor's series exp

Let Ax=x-x,,

o+ Ax) = f(3%) + Ax f'(xa)+%(m)2 £ ()
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APPENDIX Il

Sturm-Liouville eigenvalue/eigenfunction problem

The problem is to solve the differential equation

dy, (x )J

(f x)—"—=|-gx)y,(x)+ A, w(x)y,(x)=0

enfunctaons y(x) where

for all possible eigenvalues 1, and:

f(x), g(x) and w(x) are all assumed to be réél with w(x)>0 on the
range a< x< b. The pair of eigenfunctions y. (x) and y» (x) must satisfy

-the boundary condition:.

n=0,1,2,3,...

[xne de = 22 (2m-1): for n=0,1,2,3,...

1) Fourier Series, ¢,(x), n=0,+£1,%2,...

Range:
x €la, b]
Functions of Sturm-Liouville equation:
w(x)=1
S(x)=1
g(x)=0
- Differential equation: ¢, (x)+A,6,(x)=0
Eigenvalue: A, =(nk)?
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Eigenfunction: ¢, toy= e

#.(a)=¢,(b)
¢,'(a)=4,'(b)

1) Hermite Polynomials, H, (x), n=0,1,2,...

Periodic boundary condition:

Range:

X € (~00, )

H, (x)=(-1)" e~ = = e
Ladder operations:
H,,(x)=2xH,(0)~H,'(x)
H,'(x)
H, (%)= o
Explicit expressions:
Hy(x)=1
H (x)=2x
=y ) = 437 =2

)  Laguerre Polynomials, L (x), »=0,1,2,...

Range:
x €[0, )

Functions of Sturm-Liouville equation:

10
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(x)= (n+1-x)L,(x)+xL,'"(x)" ™
n+l
Ln (x) —an'(x)
n

Ln+l

‘Ln-] (x.) =

plicit expressions:
Ly(x)=1
L(x)=-x+1

xP—4x+2
L(x)=2"—"""2

2
=x +9x*=18x+6
6

L(x)=

V)

(l—xz)‘Pn”(x)—ZJCf)"'(x)_l_ﬂn[)”(x)=0

Eigenvalue:

;Ln zn(n+l):f

11
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Ladder operations:

Pﬂ-l-l(x) = n+1

2 @ +(A-x*)B'(x)

Explicit-expressions: .

Range:

x €[0, )

Functions of Sturm-Liouville equation:
w(x)=x"e"
fGy=xmle™

g =0

- Differential equation:
xLy" () + (m+1=-x) L' (x) + 4, L (x) = 0

Eigenvalue:
A, =n
Eigenfunction:
e’x™" d"
Lm - x'H-me—X
n (x) n! dxn ( o )
d”l
=(-D" L. %
( ) dxm m+n( )

12




Range:
xe[-11]
Functions of Sturm-Liouville equation:
w(x)=(1-x*)"

F ==
g(x)=0

Differentiat equat.on s
(1-x*)g)" (x) = 2x(m+ 1)) (x) + 4,47 (x) =0

V) =

Pr(x)=(1-x") g (x)

13
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‘M) -Associated L.agendre Polynomials, ¢'(x), n2m=0,1,2,...







