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APPENDIX C 

CONTINUOUS-TIME MARKOV MODEL 

 

The differential equations Eq. (3.48) – (3.50) in Chapter 3 can be solved using 

Laplace transforms as follows. However to avoid confusion with the notation,  that 

usually used in Laplace transform, the variable  is changed to  

FX
dt

dX
                                       

   (C1) 

 FX
dt

dF
                          

   (C2) 

F
dt

dD
                          

   (C3) 

 

Applying Laplace for both sides of the equations yields 

  FXxsX   0  

   FXfsF   0  

  FdsD  0  

 

With the initial condition   10 x ,   00 d  and   00 f , the equation becomes  

FXsX  1  

 FXsF    

FsD   

 

Rearrange the equations into a form suitable for solving X , F  and D  yields 
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  1 FXs                         

(c1) 

 FsX                          

(c2) 

FsD                          

(c3) 

 

Suppose F  is to be eliminated in Eq. (c1). By substituting  X
s

F 














 from 

Eq. (c2) yields  

  








ss

s
X

2
                       

(c4) 

 

Substituting Eq. (a4) back in Eq. (c2) to solve for  F  yields 

  






ss
F

2
        

    (c5) 

 

Solve for D  by substituting Eq. (c5) in Eq. (c3), yields 

  






sss
D

2
 

 

Then, the function   02   ss  needs to be decomposed in order to find 

the roots for s . The roots for a quadratic equation, 02  cbxax , is in the form of  

2

42 acbb
x


  . 

 

Let 1a ,  b  and c . Thus, the roots for  are 

   
2

4
2

1

 
s  

and 
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   
2

4
2

2

 
s  

 

Let denote 11 rs   and  22 rs  . Therefore, the equation 

    21

2 rsrsss   . 

To find the function  tx  that has the Laplace transform 

 
    21

2 rsrs

s

ss

s
sX

















,

 

 

the function is decomposed into a sum of fractions as follows  

     21

2 rs

B

rs

A

ss

s















.

 

 

Multiplication of each term by   21 rsrs   yields 

   12 rsBrsAs    

 

Substitute 1rs   yields 

 211 rrAr    

 21

1

rr

r
A







 

 

Substitute 2rs   yields 

 122 rrBr    

   21

2

12

2

rr

r

rr

r
B












 

 

Thus, the result is that  

 
      
































221

2

121

1

2

11

rsrr

r

rsrr

r

ss

s
sX






 

 

having the inverse Laplace of 
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 
   

trtr e
rr

r
e

rr

r
tx 21

21

2

21

1












 

 
 

    trtr erer
rr

tx 12

21

21

1
 


  

 

To find the function  tf  having the Laplace transform 

 
    21

2 rsrsss
sF












 

 

the function is decomposed into a sum of fractions as follows:  

     21

2 rs

B

rs

A

ss 





 


 

 

Multiplication of each term by   21 rsrs   yields 

   12 rsBrsA   

 

Substitute 1rs   yields 

 21 rrA   

 21 rr
A





 

 

Substitute 2rs   yields 

 12 rrB   

   2112 rrrr
B








 

 

The result is that  

 
      


























221121

2

11

rsrrrsrrss
sF






 

 

with the inverse Laplace of 
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 
   

trtr e
rr

e
rr

tf 21

2121 






 

 
 

 trtr ee
rr

tf 21

21







 

 

To find the function  td  having the Laplace transform 

 
     21

2 rsrsssss
sD












 

 

the function is decomposed into a sum of fractions as follows:  

         2121

2 rs

C

rs

B

s

A

rsrsssss 















 

 

Multiplication of each term by   21 rsrss   yields 

      1221 rsCsrsBsrsrsA   

 

Substitute 0s  yields 

21rAr  

21rr
A


  

 

Substitute 1rs   yields 

 211 rrr
B





 

 

Substitute 2rs   yields 

 212 rrr
C





 

 

The result is that  

 
       



































221212112121

111

rsrrrrsrrrsrrrsrss
sD


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and the inverse Laplace of  sD  is 

 
   

trtr
e

rrr
e

rrrrr
td 21

21221121 






 

 
 

 trtr
erer

rr
td 12

21

21

1
1 


  

Thus, the time dependent solutions for the state probabilities are given by  

 
 

    trtr erer
rr

tS 12

21

21

1
 


  

 
 

 trtr ee
rr

tF 21

21







 

 
 

 trtr
erer

rr
tD 12

21

21

1
1 


  

 

where the term 1r and 2r  are defined as  

   
2

4
2

1

 
r    

and   

   
2

4
2

2

 
r   

 

 


